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Why PT-symmetric theories are interesting?

q (Complex) extensions of the Hermitian QM: more possibilities in application

q Very rich theoretical structure: Stokes phenomenon, Topological picture of 
quantization, PT phase transition, asymptotic analysis, and many more…

q May be a new avenue to BSM: neutrino oscillations, electroweak 
metastability, Dark Matter model building…  

[Bender, Brody, Jones, 2000]
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Why PT-symmetric theories are interesting?

q (Complex) extensions of the Hermitian QM: more possibilities in application

q Very rich theoretical structure: Stokes phenomenon, Topological picture of 
quantization, PT phase transition, asymptotic analysis, and many more…

q May be a new avenue to BSM: neutrino oscillations, electroweak 
metastability, Dark Matter model building…  

[Bender, Brody, Jones, 2000]

Remaining questions for PT-symmetric theories (to name a few) 

q Path-integral formulation 

q PT-symmetric QFTs

q Relation to Hermitian theories (via analytic continuation?)

Target of this talk: a preliminary attempt to the above questions using the           
theory   
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Consider the Lagrangian

where

Hermitian framework: no stable ground state

Non-Hermitian framework: real & positive 
energy spectrum, needs to allow � to take 
complex values (but no additional d.o.f) 
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Consider the Lagrangian

where

Hermitian framework: no stable ground state

Non-Hermitian framework: real & positive 
energy spectrum, needs to allow � to take 
complex values (but no additional d.o.f) 

Two ways to understand this:
Bohr-Sommerfeld quantization Static Schrödinger equation 

[PT Symmetry, Bender et al. 2019]

(massless)
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Infinity d.o.fs!!

q Hilbert space?

q Renormalization?

q Schrödinger equation is of functional form:

Very difficult to solve, if not impossible!

[Felski, Bender, Klevansky & Sarkar, 2021; Ai, Alexandre, Sarkar 2022]
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Infinity d.o.fs!!

q Hilbert space?

q Renormalization?

q Schrödinger equation is of functional form:

Very difficult to solve, if not impossible!

[Felski, Bender, Klevansky & Sarkar, 2021; Ai, Alexandre, Sarkar 2022]

We need to search for new approaches!          
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Path integral for Hermitian QM

(i) Start with a propagator 

(ii) Divide the total time into N pieces with                   , 

(iii) Insert the completeness relation                        and we have

(iv) To evaluate                         , one further uses                        ,                        (and 
its complex conjugate)

In conclusion: we need to know inner products in the theory



Path integral for PT-symmetric theories

12

Difficult to derive it from first principles! 

Assumption: Unified Euclidean path integral

o  ensure convergence
o  satisfy PT symmetry 

We shall determine the contour using semiclassical methods 
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Difficult to derive it from first principles! 

Assumption: Unified Euclidean path integral

o  ensure convergence
o  satisfy PT symmetry 

We shall determine the contour using semiclassical methods 

Hermitian theory Non-Hermitian PT-symmetric theory

Real function space Deformed function space

Partition function: 

Potential:

Any relation?



Structure of the Hermitian theory

14

Perturbation theory: (take the energy function as an example)

Divergent! Asymptotic series!

Borel summation:

[Bender & Wu, 1973]

analytic on a cut complex plane
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Perturbation theory: (take the energy function as an example)

Divergent! Asymptotic series!

Conjecture:

Borel summation:

[Bender & Wu, 1973]

analytic on a cut complex plane

analytically continued from positive real

A consequence of this conjecture:
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Perturbation theory: (take the energy function as an example)

Divergent! Asymptotic series!

Conjecture:

Borel summation:

[Bender & Wu, 1973]

analytic on a cut complex plane

Real energy spectrum for 
the PT-symmetric theory

analytically continued from positive real

A consequence of this conjecture:
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The Hermitian model:

The PT-symmetric model:
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The Hermitian model:

The PT-symmetric model:

One can prove 
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The Hermitian model:

The PT-symmetric model:

One can prove 

Two ways to understand this: [Ai, Bender, Sarkar, 2022]

Rigorous results: Contour rotation: 
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What if we cannot calculate the integrals exactly?       Semiclassical estimates
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What if we cannot calculate the integrals exactly?       Semiclassical estimates

On the other hand,

One can also derive this result 
with the perturbation theory 
(using Borel summation)
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q Why these logarithms?
q How to partially prove this relation?
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q Why these logarithms?
q How to partially prove this relation?

Semiclassical analysis for the PT-symmetric theory 

q Exponentiation in the path integral
q Imaginary parts of the ground-

state energy

Ø Stationary points: perturbative trivial solution and 
nonperturbative “bounces”

Ø Steepest-descent paths passing the stationary points (Lefschetz thimbles)

In general: Picard-Lefschetz theory, solve the flow equations [Witten, 2011]

P symmetric
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Method of steepest descents

One can define the “height” function

A two-dimensional 
example 

In our case, the shape of the region near a 
stationary point is determined by the 
eigenequations:

Positive modes: steepest-descent directions
Negative modes: steepest-ascent directions
Zero modes: flat directions

We have

One only needs to deform the path corresponding to the negative mode into the 
sub-complex plane              Assure convergence! 
How do we assure PT symmetry?             Correlate the deformations passing the 
left-bounce and right-bounce (similar to the 0-dim case).          
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From the stationary points we have                        , one might think that
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From the stationary points we have                        , one might think that

Multibounces: e.g., 
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not correct!
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From the stationary points we have                        , one might think that

Multibounces: e.g., 

For a            -multibounce: 

not correct!

Then for n-bounce 

Exponentiation!
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Doing the Gaussian functional integral on the thimbles gives 
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Doing the Gaussian functional integral on the thimbles gives 

Perturbation theory for the Hermitian theory: the energy can be expressed as a 
Rayleigh-Schrödinger series. For the ground state, we have

where

[Bender & Wu, 1973]
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Doing the Gaussian functional integral on the thimbles gives 

Perturbation theory for the Hermitian theory: the energy can be expressed as a 
Rayleigh-Schrödinger series. For the ground state, we have

where

[Bender & Wu, 1973]

Borel summation:
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Ø We proposed a conjectural relation between the PT-symmetric            theory 
and its cousin Hermitian theory via analytic continuation 

Ø Only the D=1 case was studied but the generalization to higher-dimensional 
cases should be possible

Ø A rigorous derivation of the path-integral formulation of PT-symmetric theories 
from first principles is needed

Ø Our hope: even the conjectural relation turns out to be invalid, the work itself 
could still provide a new way of thinking PT-symmetric theories
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Ground-state energy 
Consider the Euclidean transition amplitude 

Taking              ,  
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Insert a complete basis of energy eigenstates
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Consider an asymptotic series 

Take the Borel transform 

Then the integral Borel summation is



Functional determinants
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and 

[Callan & Coleman, 1977]

[Ai, Garbrecht & Tamarit, 2019]


