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ü Non-Hermitian systems

ü Historically…
Ø Scattering problem

Ø Localization problem

ü Resonant scattering in terms of complex potential
G. Gamow, Z. Phys. A 51, 204 (1928)

ü Flux pinning in a superconductor: Hatano-Nelson model
N. Hatano et al., Phys. Rev. Lett. 77, 570 (1996)

Ø Nonequilibrium systems
ü Optical lattice system ü Photonic system
ü Electron system ü ……

Non-Hermitian quantum mechanics
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Introduction

Band-gap closing:

Ø Bulk:

Ø Bloch Hamiltonian:

t1
(             )

Bulk state

No edge states No edge states

ü Su-Schrieffer-Heeger (SSH) model W. P. Su et al., Phys. Rev. B 22, 2099 (1980)
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Introduction

t1

wW=1

(             )

Bulk state

W=0 W=0

No edge states No edge states

ü Su-Schrieffer-Heeger (SSH) model W. P. Su et al., Phys. Rev. B 22, 2099 (1980)

Ø Winding number:

Topological invariant Edge states

Bulk-edge correspondence

Q matrix:
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When we set k to be real, …

Band-gap closing:

Ø Bulk:

t2-γ/2 t2+γ/2

Edge states

It does not match with the result for
an open chain.

7
Introduction

-t2+γ/2-t2-γ/2

Open: Black
Periodic: Blue

ü Non-Hermitian SSH model S. Yao et al., Phys. Rev. Lett. 121, 086803 (2018)
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Introduction
ü 1D Hermitian system

Ø Periodic chain:

・・・

・・・
・・・

Ø Open chain:

Bloch wave number 𝑘: real Bloch wave number is ill-defined
because of no translation symmetry

The energy spectrum in a periodic chain is asymptotically same as
the energy spectrum in an open chain in the limit of a large system size.

We can use the real Bloch wave number for analyzing an open chain.
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Introduction
ü 1D non-Hermitian system

・・・

・・・
・・・

Bloch wave number 𝑘: real Bloch wave number is ill-defined
because of no translation symmetry

The energy spectrum in a periodic chain and an open chain are different
even in the limit of a large system size because of the non-Hermitian skin effect.

We cannot adopt the real Bloch wave number for studying an open chain.

Ø Periodic chain: Ø Open chain:
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ü Non-Hermitian skin effect
Introduction

S. Yao et al., Phys. Rev. Lett. 121, 086803 (2018)

Periodic boundary conditionsOpen boundary conditions

Ø Eigenstates in the bulk are localized
Ø at either end of an open chain.

𝑡! 𝑡" 𝑡! 𝑡"

Ø Eigenstates in the bulk extend over
Ø a whole system in a periodic chain.
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While the Bloch wave number becomes real in a Hermitian system,
it becomes complex in a non-Hermitian system.

How can we determine the Brillouin zone in a non-Hermitian system?

Non-Bloch band theory in a tight-binding system

Main result
We determine the Brillouin zone 𝛽 ≡ 𝑒!"

for the complex Bloch wave number 𝑘 ∈ ℂ.
Non-Bloch band theory

KY and S. Murakami, Phys. Rev. Lett. 123, 066404 (2019)
KY and S. Murakami, Prog. Theor. Exp. Phys. 2020, 12A102 (2020)
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In a non-Hermitian system, …

𝐿: System size

(b) Infinite open chain(a) Finite open chains

Energy
spectra

We define the Brillouin zone
𝛽 ≡ 𝑒!", 𝑘 ∈ ℂ

to construct the energy spectra.

Concept

Non-Bloch band theory in a tight-binding system
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・・・・・・
tL tR

Hamiltonian:

Real-space eigen-equation:

General solution:

with

with

Characteristic equation

ü Simple tight-binding model
Non-Bloch band theory

𝑘: Bloch wave number
𝛽~𝑒!" cf. Hermitian case (𝑡# = 𝑡$ ≡ 𝑡):

𝐸 = 𝑡 𝑒!" + 𝑒%!" = 2𝑡 cos 𝑘
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・・・・・・
tL tR

Real-space eigen-equation:

General solution:

L

with

Open boundary conditions:

ü Simple tight-binding model
Non-Bloch band theory
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・・・・・・
tL tR

Ø Energy eigenvalues:

L

E(m)
β(m) β E

Energy
spectrumRe

Im Im

Re

Generalized Brillouin zone

ü Simple tight-binding model
Non-Bloch band theory
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Condition for the generalized Brillouin zone:
Main result

Ø Characteristic equation: Ø Numbering the solutions:

Ø Hamiltonian:

ℋ(𝛽): Bloch Hamiltonian

Non-Bloch band theory in a tight-binding system
ü General cases

The trajectory of 𝛽& and 𝛽&'( forms the generalized Brillouin zone.

(𝑀 = 𝑞𝑁)



t1+γ1/2

t1-γ1/2

t1+γ1/2

t1-γ1/2

t1+γ1/2

t1-γ1/2

t3
t3

t2+γ2/2 t2+γ2/2

t2-γ2/2 t2-γ2/2

Ø Characteristic equation:

18

Ø Numbering the solutions:

Condition for the generalized Brillouin zone:

Non-Bloch band theory: Non-Hermitian SSH model

= Trajectories of β2 and β3



Generalized Brillouin zone
Ø Trajectory of 𝛽 (~𝑒!"):

19

t1+γ1/2

t1-γ1/2

t1+γ1/2

t1-γ1/2

t1+γ1/2

t1-γ1/2

t3
t3

t2+γ2/2 t2+γ2/2

t2-γ2/2 t2-γ2/2

Non-Bloch band theory: Non-Hermitian SSH model

Energy spectra: Energy levels (𝐿 = 100):

Match
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(a) (b)

Ø Cβ forms always loops
Ø encircling origin on the complex plane.

Ø Cβ depends on the system parameters.

Ø Cβ can have the cusps.

Features(a-1) (a-2)

(b-1)
(b-2)

Non-Bloch band theory: Non-Hermitian SSH model
ü Generalized Brillouin zone Cβ (𝛽 = 𝑒!", 𝑘 ∈ ℂ):

Ø Cβ becomes a unit circle
Ø in a Hermitian system (𝑘: real).



ü Why is the condition                  appropriate?
Ø Equation from an open boundary condition:

in the thermodynamic limit            .

It does not lead to the energy spectra.

21
Non-Bloch band theory: Non-Hermitian SSH model

Leading term

If 𝛽) ≠ 𝛽* ,



in the thermodynamic limit 𝐿 → ∞.

We can get a dense set of solutions when the relative phase between β2 and β3 is changed.

22
Non-Bloch band theory: Non-Hermitian SSH model
ü Why is the condition                  appropriate?

Ø Equation from an open boundary condition:

Leading term
Leading term

If 𝛽) = 𝛽* ,

= Energy spectra



Ø Bloch Hamiltonian:
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Ø Winding number:

Cβ: Generalized Brillouin zone

Change of arg 𝑅±(𝛽) when 𝛽 goes around 𝐶,.

We establish the bulk-edge correspondence
between the winding number and the existence of the topological edge states.

Non-Bloch band theory: Non-Hermitian SSH model



Ø Bloch Hamiltonian:
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Non-Bloch band theory: Non-Hermitian SSH model

Loops:Phase diagram: t1=0, t2=1, t3=1/5

Energy levels
The zero-energy states are

topological edge states.

Topological semimetal

w=0w=0

Bulk state

KY and S. Murakami, Phys. Rev. Research 2, 043045 (2020)
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ü Background

Non-Hermiticity in a Bogoliubov-de Gennes (BdG) Hamiltonian 𝐻 = (
) 𝑎- 𝑎 ℋ./0

𝑎
𝑎-

has been attracting much attention.

Ø Fermionic systems:

Ø Bosonic system:

K. Kwabata et al., Phys. Rev. B 98, 085116 (2018)
A. Ghatak et al., Phys. Rev. B 97, 014512 (2018)

K. Yamamoto et al., Phys. Rev. Lett. 123, 123601 (2019)

H. Kondo et al., Prog. Theor. Exp. Phys. 2020, 12A104 (2020)Magnon system

Superconductor

Superfluid

ü Purpose
We study non-Hermitian properties in a bosonic BdG system

in terms of the non-Bloch band theory.

Non-Bloch band theory in a bosonic system

KY and S. Murakami, Phys. Rev. B 103, 165123 (2021)
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ü Concept

We can study a bosonic BdG system
by applying the non-Bloch band theory to 𝜏1ℋ./0.

We can map
a bosonic BdG system

into
a non-Hermitian free-boson system.

𝜏! =
1 𝑂
𝑂 −1

Since the bosonic BdG Hamiltonian must be diagonalized
by paraunitary transformation 𝑇,

we can get the eigenenergies by diagonalizing 𝜏1ℋ./0

Non-Bloch band theory in a bosonic system
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ü Bosonic Kitaev-Majorana chain A. McDonald et al., Phys. Rev. X 8, 041031 (2018)

Ø Hamiltonian:

Ø Bloch Hamiltinian: (𝛽 = 𝑒"#, 𝑘 ∈ ℂ)

p The previous work studied this model only in the case of 𝜇 = 0.

For solutions ( 𝛽( ≤ 𝛽) ≤ 𝛽* ≤ 𝛽2 ) of det 𝜎1ℋ./0 𝛽 − 𝐸 = 0,
the condition for the generalized Brillouin zone is given by

𝛽! = 𝛽" .

ü Non-Bloch band theory

Non-Bloch band theory in a bosonic system
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ü Bosonic Kitaev-Majorana chain (t = 1, 𝜙 = 𝜋/3 and 𝜇 ≠ 0)

p The non-Hermitian skin effect
p occurs because 𝐸3.4 ≠ 𝐸5.4.

p The shape of
p the generalized Brillouin zone
p deviates from a unit circle
p in some regions.

The Hermiticity and the non-Hermiticity can coexist.

Open

Periodic

Non-Bloch band theory in a bosonic system
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𝜇 = 0.1 and Δ = 0.7

ü Bosonic Kitaev-Majorana chain (t = 1, 𝜙 = 𝜋/3 and 𝜇 ≠ 0)

p Real-space distribution
p of the Bogoliubov modes

The Bogoliubov modes are localized at
both ends of an open chain.

p The non-Hermitian skin effect
p occurs because 𝐸3.4 ≠ 𝐸5.4.

Non-Bloch band theory in a bosonic system

Open

Periodic
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Non-Bloch band theory in a continuous system

Most of the previous works studied some non-Hermitian systems
by using a tight-binding model.

Ø The Non-Bloch band theory has been applied only to tight-binding systems.

ü Motivation

We would like to construct the non-Bloch band theory
in a continuous system.

So far,…

KY, T. Yoda, and S. Murakami, arXiv:2112.02791
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ü 1D non-Hermitian crystal

Ø Schrödinger equation:

• 𝑝 𝑥 + 𝑎 = 𝑝 𝑥 , 𝜆$,& 𝑥 + 𝑎 = 𝜆$,& 𝑥 , 𝑣 𝑥 + 𝑎 = 𝑣 𝑥 ∈ ℂ

• 𝜆$,&(𝑥) express gauge potential terms.

• The system becomes Hermitian when 𝑝 𝑥 and 𝑣(𝑥) are real, 𝜆$∗(𝑥) = 𝜆&(𝑥).

・・・ ・・・

𝑎𝑎 𝑎

Lattice constant: 𝑎

Non-Bloch band theory in a continuous system

Open boundary condition

−
𝑑
𝑑𝑥 𝑝 𝑥

𝑑
𝑑𝑥 −

𝑖
2 𝜆( 𝑥

𝑑
𝑑𝑥 +

𝑑
𝑑𝑥 𝜆) 𝑥 + 𝑣 𝑥 𝜓 𝑥 = 𝐸𝜓(𝑥)
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ü 1D non-Hermitian crystal

Due to spatial periodicity,…

Ø Plane-wave expansion:

Ø Fourier series:

Ø Secular equation:

• We can the get energy spectra by solving the secular equation.

(𝑗 = 1,2)

We need to determine 𝑘.Under an open boundary condition,
the Bloch wave number 𝑘 becomes complex.

𝐸

Non-Bloch band theory in a continuous system
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ü 1D non-Hermitian crystal

・・・ ・・・

𝑎𝑎 𝑎

Lattice constant: 𝑎
Discretization: 𝑁 lattice sites, spacing: δ = >

?

The Schrödinger equation becomes
an eigenvalue problem on a discrete model 𝐻 ⟩|𝜓 = 𝐸 ⟩|𝜓 .

We can apply the non-Bloch band theory in a tight-binding system
to the discretized system.

Non-Bloch band theory in a continuous system
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ü 1D non-Hermitian crystal

・・・ ・・・

𝑎𝑎 𝑎

Lattice constant: 𝑎

Ø Characteristic equation det ℋ 𝛽 − 𝐸 = 0 :

We can get the generalized Brillouin zone.

Discretization: 𝑁 lattice sites, spacing: δ = >
?

Bloch Hamiltonian ℋ 𝛽 , (𝛽 ≡ 𝑒"#()
𝐻 ⟩|𝜓 = 𝐸 ⟩|𝜓

Non-Bloch band theory in a continuous system
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ü 1D non-Hermitian crystal
Ø Generalized Brillouin zone and complex Bloch wave number 𝑘:

Continuous limit: 𝑁 → ∞ (𝛿 → 0)

ℜ(𝛽)

ℑ(𝛽) (𝛽 = 𝑒"#()

𝑟

Generalized Brillouin zone

Condition
for

the generalized Brillouin zone

Non-Bloch band theory in a continuous system
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ü Toy model

Ø Example: 𝑝 𝑥 = 𝑝, 𝜆(,) 𝑥 = 𝑖𝜆 sin) )@> 𝑥 , 𝑣 𝑥 = 0
Generalized Brillouin zone

𝑟 = exp
𝑎𝜆
4𝑝

• 𝑝 = 10)&, 𝜆 = 10)$, 𝑎 = 1

The spectrum with
a periodic boundary condition

becomes an open curve.

Cf. S. Longhi, Phys. Rev. B 104, 125109 (2021)

GBZ

BZ

Finite system size

ℜ
(𝐸
)

ℜ
(𝐸
)

ℑ(𝐸) ℑ(𝐸)

Non-Bloch band theory in a continuous system
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Ø Example: 𝑝 𝑥 = 𝑝, 𝜆(,) 𝑥 = 𝑖𝜆 sin) )@> 𝑥 , 𝑣 𝑥 = 0

The eigenstates depend on the type of
open boundary conditions.

Dirichlet boundary condition

Neumann boundary condition

The energy spectra in a large system size
do not depend on the type of
open boundary conditions.

Open (Dirichlet)
Open (Neumann)

Energy spectra

ü Toy model

ℜ
(𝐸
)

ℑ(𝐸)

Non-Bloch band theory in a continuous system
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Summary

ü We construct the non-Bloch band theory
ü in a non-Hermitian tight-binding system and in a non-Hermitian continuous system.

ü We show that energy spectra can be obtained from the generalized Brillouin zone
ü 𝛽 = 𝑒!" (𝑘 ∈ ℂ).

ü In a continuous system, the generalized Brillouin zone forms a circle,
ü which means that the localization length of all the skin modes is common.

ü In a tight-binding system, the generalized Brillouin zone can have cusps and
ü depends on the system parameters.

KY and S. Murakami, Phys. Rev. Lett. 123, 066404 (2019)
KY and S. Murakami, Phys. Rev. B 103, 165123 (2021)

KY, T. Yoda, and S. Murakami, arXiv:2112.02791




