Transport Effects in Nonreciprocal Tight Binding Models with
Gain/Loss
Hamed Ghaemidizicheh
The University of Texas Rio Grande Valley, US

XIX<vPHHQP<XX
January 2022

In This Presentation:
Continuous System
 Why Transfer Matrix?
Tight Binding Model

 Compatibility of transport effects in non-Hermitian nonreciprocal systems
1) Conditions for transport effects
2) Identify which effect are compatible and linked with each other
3) Determine by which lever they can be tuned independently

Non-Hermitian Physics
Effectively non-Hermitian models have a long tradition in describing states with a finite lifetime,
which appears in the vast range of applications. [Y. Ashida, Z. Gong & M. Ueda, Advanced in Physics, 69:3, 249-435 (2020)]
 Non-Hermitian Photonics
Study optical waves propagation in symmetric gain/loss photonic models.
• Unidirectional Invisibility [Z. Lin et al., Phys. Rev. Lett. 106, 213901]
• Coherent Perfect Absorbtion [S. Longhi, Phys. Rev. A 82, 031801]
• Nonlinear Optics & Lasing Conditions [A. Mostafazadeh, Phys. Rev. A 87, 063838]
 Non-Hermitian Topological Models
• Introducing onsite gain and loss in topological tight binding model
• Model with asymmetric hopping amplitudes
Non-Hermitian Skin Effect

Non-Hermitian Skin Effect
All the eigenstates under open boundary condition might be considered as edge modes since they are
exponentially localized at one side of the lattice simply due to asymmetric hoppings
Classical

Quantum [Shunyu Yao and Zhong Wang, Phys. Rev. Lett. 121, 086803]

Topological Photonics

[L. Lu, J. D. Joannopoulos and M. Soljacic, Nature Photonics 8, 821–829 (2014)]

Idea: Investigating single-particle band topology in photonic system.
Motivation: Using Topological edge sates to guide and route light in a manner that is robust against scattering by disorder.
Presence of absorption and radiation losses makes the system intrinsically non-Hermitian

Nonlinear Topological Photonics

[D. Smirnova, D. Leykam, Y. Chong and Y. Kivshar, Appl. Phys. Rev. 7, 021306 (2020]

Why Transfer Matrix? (Continuous Model)
[A. Mostafazadeh, Turk. J. Phys. 44, 472 (2020)]

Scattering Potential
Asymptotic Solutions:

Nonlinear generalization: [A. Mostafazadeh, The European Physical Journal Plus 134 (1), 16]

Application (Asymmetric Photon Localisation)
[H Ghaemi-Dizicheh, A Targholizadeh, B Feng, H Ramezani, arXiv:2110.13104]

Transfer Matrix

Why Transfer Matrix? (Tight Binding Model)
Construction: [V. Dwivedi and V. Chua, PRB 93, 134304 (2016)]
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If 𝐊 = 𝐊 , and J = J then the system is Hermitian.
This method can be implemented for singular J.
Rank(J) denotes the number of bonds between adjacent supercells.

𝚿𝒏 = 𝝍𝟐𝒏

Bundle the 𝒎 adjacent
sites

𝟏 , ⋯ , 𝝍𝟐𝒏 𝒎 𝟏

𝑻

Nonreciprocal Transfer Matrix

[F. K. Kunst and V. Dwivedi, PRB 99, 245116 (2019)]

Reduced Singular Value Decomposition

r=Rank(J)

We assume supercells are big enough that J is nilpotent of degree 2

r≤ 𝑞𝑚

Consider span{V} and span{W} as orthonormal basis of Ψ ∈ ℂ

𝚿𝒏 = 𝑽𝜶𝒏 + 𝑾𝜷𝒏 + 𝑿𝜸𝒏

Schrodinger Equation educes to
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Properties

Hermicity:
𝐻 =𝐻

𝒢

=𝒢

PT-symmetric

J= 𝓤J𝓤
𝑲=

𝐆∗ = 𝒰 𝐆𝒰
𝒢∗ = 𝒢

𝓤𝑲𝑻 𝓤

In Hermitian System :
d = det M =

=e

𝒢

Special Case r=1: The transfer Matrix is an 2 × 2 matrix
The bulk states localized on the left boundary for 𝑑 < 1 and on the right boundary for 𝑑 > 1
The Existence of the non-Hermitian skin effect
can be deduced from the value of determinant.

Transfer Matrix as a Powerful Tool

T. Lee, PRL 116,133903 (2016)
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Model:

H. Ghaemidizicheh and S. Schomerus, Phys. Rev. A 104, 023515 (2020)

LEAD

LEAD

• Nonreciprocal non-Hermitian transport: 𝑢
≠ 𝑣∗, 𝑣
• 𝑉 is complex onsite potential.
• Model leads in featureless wide-band limit: 𝑢 = 𝑣 = 𝑤 < 0 (𝑛 ≤ 0, left lead, or 𝑛 ≥ 𝑁,
right lead) with the potential energy tuned to the band centre (𝑉 = 𝐸).

Propagating Waves

𝜓 = 𝜓( )𝑖
𝜓 = 𝜓 ( ) (−𝑖)

(propagating to the right)
(propagating to the left)

• The boundary couplings from the leads to the system match perfectly (𝑢 = 𝑣 ≡ 𝑤) then one
can include the first site of the lead into the system.
• The only parameter characterizing lead is 𝑤.

Transport Framework
The transport effect of the system can be characterized by the real space transfer matrix

𝑀
𝑀
𝑀 = 𝑀 ⋯𝑀 𝑀 𝑀
In the propagating-state basis

LEAD

LEAD

Boundary Conditions

𝜓 =𝜓
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=0
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Purely outgoing waves
𝐼𝑚 (𝐸 ) = 0

Purely incoming waves with real
energy

BC in Terms of Scattering Matrix

H. SchomerusPhil. Trans. R. Soc. A 371, 20120194 (2013)

Energy Constraints
For the closed system with open boundary conditions
Solutions are in general discrete and complex.
Periodic boundary condition: In terms of eigenvalues of the transfer matrix
Exceptional Points

Form a curve segments in the complex plane,
where the phase 𝑘 varies along the segment.
Implicit dispersion equation

Quasi-bound states and Scattering Zero:

Im𝐸 = 0, there is stationary lasing state and its
time reversal (coherent perfect absorption)

Periodic BC

The Effect of Nonreciprocity
𝑀

𝑆≠𝑆

Left transmission amplitude (t) ≠ right transmission amplitude(t’)

Does nonreciprocity make constrains on the boundary conditions?
Reciprocal counterpart of the system
All conditions where transfer matrix elements have to vanish are identical in both reciprocal and nonreciprocal system.

Scales the transport from left to right by a factor 𝑑

/

, while in the opposite direction it is scaled by 𝑑

/

.

All characteristics that rely on vanishing matrix elements are the same in the nonreciprocal and reciprocal variant of
the system.

Illustration
𝑙 = 1,2, ⋯ , 𝐿
𝑁 = 2𝐿

γ > γ′

Asymmetric couplings
Ballistic Coupling to the Lead 𝑣 = 𝑢 = 𝑤 < 0

nonreciprocity

Topological Characteristic

• Isolated Topological edge state exist for 𝜅 < 1 with 𝐸 = 𝑖𝛾 and
𝐸 = 𝑖𝛾′.
• For 𝜅𝑑 < 1, the state with energy 𝐸 is localized at the left
edge, while for 𝜅𝑑 > 1 it is localized at the right edge
• For 𝜅 < 𝑑, the state with energy 𝐸 is localized at the left
edge, while for 𝜅 > 𝑑 it is localized at the right edge.
• The system is dynamically stable for Im𝐸 ≥ 𝛾
• There are bulk zero modes with Re𝐸 = 0 if

Reflectionless Transport

Left reflectionless

Global Mechanism (Chebyshev nodes)

𝑈

Right reflectionless

𝑧 =0

• Depends on the length of the system.
• Independent on the probing side
At 𝐸 = 𝐸 and 𝐸 = 𝐸 , 𝑧 is invariant under the transformation 𝜅 → 1/𝜅 which connects the topological phase (𝜅 < 1) and
nontopological phase (𝜅 > 1) where edge states do or do not exist at these energies.
Independent of existence of edge states
Local Mechanism
𝜅 is essential parameter
If we set 𝐸 = 𝐸

Contradiction with assumption

Probe from the left

(The system is stable in this energy)
Probe from the right

𝛾 < 𝛾′

<0

System can only be made
reflectionless from left in the
nontopological phase.
System can be made
reflectionless in the
topological mode.

Invisibility

+
The reflectionless transport from the right is maintained even when any of the edge states relocalises via the skin effect to the other edge of
the system.
Keeping the system in the topological phase, and reflectionless form the right then we can make the system transparent from the right (left)
by setting
system is invisible to the source(detector)
𝑑 = 𝜅(𝑑 = 1/𝜅)
placed to the right of the system
These conditions coincide exactly with the skin-effect phase
transition of the topological state. (transparent channel exactly
at this transition)

Coherent Perfect Absorber (CPA)

<0
The right side is always positive, independent of 𝑑, and invariant under 𝜅 → 1/𝜅
CPA can be achieved irrespective of the topological phase

We can still make the system simultaneously transparent
left
right

Generalization?
The generalization for more complicated models is possible by considering the general form of transfer matrix

Summary
We establish a number of distinct transport signatures of non-Hermitian, nonreciprocal, and topological behavior:
 Reflection Transport in a direction that depends on the topological phase.
 Invisibility coinciding with the skin-effect phase transition of topological edge states.
 Coherent Perfect Absorption in a system that is transparent when probed from one side.

