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Hunt for the QCD critical endpoint

Experiments
???

Theory - nonperturbative

Lattice - sign problem

Approaches so far?

Insight: Finite-density QCD is PT symmetric



Story arc

Introduction

Patterns

PT critical behavior

Universality

 Brief review of PT in physics 

 Simulate a toy PT QFT model
 New paradigm for pattern formation

 Analytically calculate patterned region
 How to interpret non-Hermitian instabilities

 New universality classes of critical behavior
 General phase structure of PT QFTs

QCD  New path forward for finding the critical point



Parity-Time symmetry

P : linear operator (e.g. x  -x or ϕ -ϕ) 

T : antilinear operator (e.g. complex conjugation)

PT : the simultaneous action of some P and T

This talk: two-field models satisfying: 

CM Bender and S Boettcher, PRL (1998).



Well explored in QM…

Hermitian Unbroken PT Broken PT Non-Hermitian

Real spectrum   () X

Positive norm   (CPT) () X

Unitarity   () X

Orthogonality   () X

Interlacing   (winding) () X

Completeness   () X

… … … … …

CM Bender and S Boettcher, PRL (1998).
ST Schindler and CM Bender, J Phys A (2018).

S Weigert, PRA (2003).
CM Bender, Rep Prog Phys (2007).
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The focus of manifold experiments…

History

1998 PT quantum mechanics
CM Bender & S Boettcher, PRL

2007 PT optics theory
R El-Ganainy et al., Opt. Lett.

2009 PT optics experiments
-2010 A Guo et al., PRL

CE Ruter et al., Nat. Phys.

2019 Quantum PT  breaking 
Y Wu et al., Science
M Naghiloo et al., Nat. Phys.

Physical interpretation

Im V(x): gain/loss of energy between 
system + surroundings

PT = balanced energy 
exchange



PT in high-energy theory?

 Much recent research (talks in this series!) 

 Some analogues of conventional
properties of QFTs

 Finite-density QCD (nonzero μ)

 Intuition: balance of (anti)quarks 
coming into and out of system

 Today’s focus: critical phenomena

e.g., CM Bender et al., PT Symmetry: In Quantum and Classical Physics (WorldScientific 2019).
PN Meisinger and MC Ogilvie, Phil Trans Roy Soc A (2013). 
MA Schindler, ST Schindler, L Medina, and MC Ogilvie, PRD (2020). 



Simulations



The sign problem

F Baharona, J Phys A (1982). M Troyer and U-J Wiese, PRL (2005).
PN Meisinger and MC Ogilvie, Phil Trans R Soc A (2013).

 No computationally efficient way to take an average
over a set of weights w that can have negative sign

 In some cases, known to be NP hard 

 Major obstacle for lattice field theorists 

 Same difficulty for complex weights / non-Hermiticity



Circumventing the PT sign problem

Want to simulate a PT Euclidean path integral

 Fourier transform of a PT 
function is always real

 Can recast many PT actions 
into a simulatable form

L Medina and MC Ogilvie, PoS: LATTICE (2018).

Real, positive

PT weights

Actions with complex weights

Space of lattice actions

 Need positive weights



PT-extended ϕ4 theory

 Fields ϕ(x) and χ(x) coupled by imaginary strength ig

 ϕ(x) sits in a double-well potential:

L Medina and MC Ogilvie, PoS: LATTICE (2018).
Schindler^2, Medina, & Ogilvie (2020).



Simulating PT ϕ4 theory

Action of interest:

Dual, simulatable form:

L Medina and MC Ogilvie, PoS: LATTICE (2018).
Schindler^2, Medina, & Ogilvie (2020).

Take the Fourier transform in the path integral 
with respect to the PT-symmetric field χ(x)



A first look at field configurations

Parameters:

• mχ = 0.5, λ = 0.1, v = 3

• 642 lattice

• Hot start + 20,000 sweeps

Schindler^2, Medina, & Ogilvie (2020).

Patterning – violates spectral positivity! 



Equilibrium…

Schindler^2, Medina, & Ogilvie, PRD (2020).



Patterns in physics

 Occur at all scales, from condensed matter to astrophysical

 Often induced by competing forces

 Imaginary couplings (PT) can make scalar exchange repulsive

CM Muratov, PRE (2002).
DG Ravenhall, CJ Pethick, JR Wilson, PRL (1983).
ME Caplan and CJ Horowitz, Rev Mod Phys (2017).

Microphase paradigm

 High-symmetry shapes

 Separated by first-order transitions 

 Obtain by minimizing free energy

Figure from Schindler^2, 
Medina, & Ogilvie (2020).

Gnocchi
(technical terminology

from nuclear pasta)



Simulation results

 Many different shapes in each 
configuration

 Smooth variation of patterns

 Smooth variation of order 
parameter

 No microphases

 Arrested spinodal decomposition

Schindler^2, Medina, & Ogilvie (2020).



One ring to rule them all

Note that the Fourier transform is with respect to the position x (not the field ϕ)



Analytics



Phases of PT ϕ4 theory

1. Integrate out χ to get an effective action

3. Calculate the tree-level propagator

2. Find the order parameter ϕ0 that minimizes Veff

N.B. Equivalent to finding ϕ0, χ0 from S, then ϕ, χ from matrix propagator. Generic!



Interpretation of PT propagator

Poles Behavior Region

r1, r2 < 0 Exponential decay of propagator Normal

r1 < 0 & r2 > 0 Unstable Unstable

r1 = r2* Exponential decay of propagator
with sinusoidal modulation

PT broken

r1, r2 > 0 Homogeneous solution ϕ0 unstable to small 
variations at certain q ≠ 0. (Lifshitz instability)

Stable phase is inhomogeneous.
Patterned

Schindler^2, Medina, & Ogilvie (2020). 

RD Pisarski, VV Sokolov, A Tsvelik, Universe (2020).
PM Chaikin, TC Lubensky (Cambridge U Press, 1995).



Phase diagram

 Good agreement w/simulations

 Boundary between patterned and 
unstable regions is a disorder line

 In the g-h plane, the critical point
lies inside of the patterned region 

Schindler^2, Medina, & Ogilvie (2020). 
MA Schindler, ST Schindler, & MC Ogilvie, in preparation.

 Critical line runs along ϕ = 0 
and terminates at critical 
endpoint on the boundary of 
the patterning in the ϕ-g plane

 Why? Critical line is a branch cut



Universality

 Large universality classes of models can exhibit similar critical behavior 

 PT effects change phase structure away from standard behavior leading 
to complex poles and patterning behavior

 Now, look at other classes with different internal symmetry groups

Example:

• Hermitian ϕ4 theory

• Ising model

• All Z(2) models with 
short-range interactions

JB Kogut, Rev Mod Phys (1979). KG Wilson, Rev Mod Phys (1983).
LP Kadanoff, Phase Transitions and Critical Phenomena, v. 5a (1976). 



Generic multifield PT QFT

Construct a scalar Lagrangian with:

Arbitrary # of fields ϕa that transform trivially under PT
Arbitrary # of fields χb that are nontrivial under PT 
 Some symmetry group G

Let (ϕ0
a, χ0

b) be the global minimum of the potential under 
homogeneous solutions

Unbroken PT ϕ0
a real, χ0

b imaginary  V(ϕ0
a, χ0

b) real

Schindler^2, Medina, & Ogilvie (2020).



Phase diagram

Mass matrix: 
M = Σ M* Σ

(Σ diagonal matrix with entries ±1) 

 M and M* have same eigenvalues

 Real or complex-conjugate pairs

Zeros of det(q2 + M) are poles of the matrix propagator

det (M) Zeros of det (q2 + M) Behavior Region

Negative Any Instability w.r.t. q2 = 0 fluctuations Unstable

Positive Odd # are positive Instability w.r.t. q2 = 0 fluctuations Unstable

Positive All negative Exp. decay of propagator Normal

Positive Some complex Propagator decay + modulation PT broken

Positive Even # are positive Stable w.r.t. q2 = 0 fluctuations
Unstable w.r.t. q2 > 0 fluctuations

Patterned



PT universality classes

 Every conventional scalar universality class has one 
or more PT-symmetric extensions with patterning

 The critical endpoint is associated with the patterned 
region because it is a point where r1 or r2 = 0

 This talk: Z(2) model

 Patterning also has been predicted in PT O(N), 
albeit not using PT formalism

Schindler^2, Medina, and Ogilvie (2020). 
Schindler^2 and Ogilvie, in preparation. 

Z Nussinov, arXiv:cond-mat/0105253 (2004).
Z Nussinov, J Rudnick, SA Kivelson, and LN Chayes, PRL (1999).



Finite-density QCD



Coming full circle…

SU(Nc) Lagrangian: ???

On the lattice:

Source of sign problem: det M

Real world: μ is real

PT symmetry!

G Aarts, J Phys Conf Series (2016). 
PN Meisinger & MC Ogilvie, Phil Trans R Soc A (2013). Schindler^2, Medina, & Ogilvie (2020). 



Key ingredients for effective model

 Polyakov loop: non-Abelian phase factor when a heavy 
quark traverses a closed static path tE: 0β (periodic BCs)

 Energy of two quark state:

Svetitsky-Yaffe universality – two models in the same class are:

 (N+1)-dimensional deconfinement at finite T, local gauge group G

 N-dimensional spin system with the center of G as a global symmetry

Schindler^2 & Ogilvie, in preparation. B Svetitsky, LG Yaffe, Nucl. Phys. B (1982).



Fermion contribution to action

Static lattice (anti)quarks’ contribution to fermion determinant:

 At high density, low temperature, antiquarks suppressed

 Also make mean-field approximation

Spin degeneracy

# of colors
# of flavors

Schindler^2 & Ogilvie, in preparation.



Gluon contribution to the action

Parametrize:

 Interested in behavior near critical point

 Only care about quadratic fluctuations 
about equilibrium values for P, P*

 Make quadratic approximation to Sg in 
the critical region

 ϕ and χ give rise to attractive 
and repulsive interactions 
between P(x) and P(y)

Simplest choice: Yukawa potentials

Generally, for a potential V(x) = VR(x) – VA(x) ,  with VR , VA > 0



Full model

Studied before by Parks and Fisher

 Describes liquid-gas transition for z > 0

 Interested in singularity / hard-core repulsion when z < 0

 Showed that critical behavior is in the iϕ3 universality class

Schindler^2 & Ogilvie, in preparation. 
Parks and Fisher, PRE (1999). 



Simple quark gas model

 Equations of motion

 Homogeneous solutions - let 

 Get mass matrix from small fluctuations about homogeneous solution

Schindler^2 & Ogilvie, in preparation.



Quark gas phase diagram



Full model

Schindler^2 & Ogilvie, in preparation.

 With a little more work, we can write down a simple criterion for 
where pattern formation can happen in the general case:

Quark number susceptibility per site

 All factors generalize to the continuum: 

 Quark susceptibility & qq potential computable on lattice at μ = 0

 Can extend even further, e.g. triality



Conclusions



Plot summary

Introduction

Patterns

PT critical behavior

Universality

 Reviewed how to simulate a PT QFT

 Developed a new paradigm for pattern formation

 Interpreted PT QFT instabilities

 Discovered new universality classes

QCD
 Found the critical endpoint in effective models 

of finite-density QCD
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