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Plan*
Non-Hermitian anomalous transport 

- motivation: fermions in magnetic backgrounds 
- axial anomaly and dissipationless transport 
- non-existence in thermodynamic equilibrium 
- equilibrium CME with non-Hermitian fermions 

Chiral symmetry breaking in QCD 
- Nambu-Jona-Lasinio model 
- mass gap generation in Hermitian ground states  
- Quark-Gluon plasma with non-Hermitian ground states?

Preliminary conclusions

intro

intro

intro

intro

*) a natural spoiler: almost no introduction to PT NH-Hamiltonians is planned
In this talk: all non-Hermitian phenomena are PT-invariant NH phenomena only.



  

Dissipationless charge transfer: superconductivity

Ballistic acceleration of the electric current J  by the electric field E.

The London equation:

The electric current in a superconducting
wire will flow forever!

Properties:
1) no resistance = no dissipation;
2) superconducting condensate is needed!

Wikipedia



  

Alternative(s) to superconductivity?

● Superconductivity emerges due to the presence of a 
  condensate of electrons pairs (the Cooper pairs).

● The Cooper pairs are quite fragile: thermal fluctuations 
   destroy them quite effectively. That's why the room-
   temperature superconductivity is not observed (yet).

● May dissipationless charge transfer exist in the absence 
 of any kind of condensation? Do we have alternatives?

 Yes, we do. The simplest example is 

Chiral Magnetic Effect (CME)

could be



  

The Chiral Magnetic Effect (CME)

Electric current is induced by applied magnetic field:

Spatial inversion (x → - x) symmetry (P-parity):
● Electric current is a vector (parity-even quantity);
● Magnetic field is a pseudovector (parity-odd quantity).

Thus, the CME medium should be parity-odd! 

In other words, the spectrum of the medium which 
supports the CME should not be invariant under 
the spatial inversion transformation.



  

Non-dissipative nature of the current

● Time inversion:

Ohm conductivity (dissipative, loss of current):

● Superconductivity (non-dissipative, no losses): 

●Chiral Magnetic Effect (non-dissipative, no losses): 



  

An example of a parity-odd system?

Consider a massless fermion:

Right handed Left handed

P-parity

The chirality (left/right) is a conserved number.



  

How to make a parity-odd system out of fermions?

Systems with equal number 
of left-  and  right-handed
particles are P-invariant.

Examples of P-invariant systems in 
the daily life: One right-handed particle 
and one left-handed particle with 
opposite momenta at IHEP, Beijing.

However, if we have a different number of left- and right-handed 
particles (for example, in a gas) then this system is
not P-invariant. If these particles are electrically charged,
then we may expect that this system exhibits the CME:  

[A. Vilenkin, '80; K. Fukushima, D. E. Kharzeev, H. J. Warringa, '08; 
D. E. Kharzeev, L. D. McLerran and H. J. Warringa, '08]
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The CME in quark-gluon plasma

1) The quark-gluon plasma 
     is created in heavy-ion 
     collisions (RHIC and LHC).

2) Typical energies of u and d 
    quarks are so high, that these 
    quarks may be considered 
    as massless fermions.

3) The imbalance in chirality is produced due to rapid 
    topological transitions mediated by QCD sphalerons: 
      a left quark may turn into a right quark (and vice versa) 
      due the axial QCD anomaly (→ the CME is “anomalous”)

4) Noncentral collisions create huge magnetic field (1016 Tesla).



Quark-gluon plasma? 
Phase diagram of QCD (with B = 0)

1) Hot quark-gluon plasma  
phase and cold hadron phase  
constitute, basically, one  
single phase because they are  
separated by a nonsingular  
transition  (“crossover”). 

2) The color superconducting 
phases at high baryon chemical  
potential 𝜇 were  extensively  
studied theoretically [they are  
out of reach of both lattice  
simulations and Earth-based  
experiments]. 

3) The LHC and RHIC  experiments probe low baryon density physics.



  

What is «very strong» field? Typical values:
● Thinking — human brain:  10-12 Tesla
● Earth's magnetic field:           10-5 Tesla
● Refrigerator magnet:         10-3 Tesla
● Loudspeaker magnet:          1   Tesla
● Levitating frogs:                 10  Tesla
● Strongest field in Lab:        103  Tesla
● Typical neutron star:           106 Tesla
● Magnetar:                           107...10 Tesla
● Heavy-ion collisions:          1015...16 Tesla
● Early Universe:                   even (much) higher

  IgNobel 2000 by 
 A.Geim (got Nobel 
2010 for graphene)

Destructive explosion



  

The CME in heavy-ion collisions (I)

The induced electric current in the quark-gluon plasma is 
proportional to the chiral chemical potential which controls 
imbalance between left-handed and right-handed quarks.

[this formula is written for one 
fermion with electric charge e] J, B

The CME predicts that there 
should be an asymmetric flow 
of charged particles along the 
normal to the reaction plane. 
And such asymmetry was indeed 
observed both at RHIC (USA) 
and at LHC (Europe)!

Electromagnetism at work:



  

Chiral Magnetic Effect – experiment (Quark Gluon Plasma)

● Signatures of the Chiral Magnetic Effect in heavy-ion collisions

….

● Signatures of the Chiral Magnetic Effect in heavy-ion collisions



  

Chiral Magnetic Effect – experiment (Solid State)

● Signatures of the Chiral Magnetic Effect in Dirac Semimetals

ArXiv:1412.6543



  

What are Weyl and Dirac Semimetals?

Simplest ways to think about these materials:

  1) A three-dimensional crystal which possesses 
      fermion quasiparticles in the electronic spectrum. 
   
  2) There are right-handed and left-handed quasiparticles.

  3) The quasiparticles are electrically charged.

  4) A three-dimensional version of graphene. 

  5) A very distant similarity to quark-gluon plasma 
      (light quarks are nearly massless particles 
       compared to their energies).



  

Semimetals: real crystal materials

● 1mm – 1 cm 
● Good crystals

ArXiv:1503.01304

 ArXiv:1503.09188



  

Chiral fermionic quasiparticles

Energy spectrum of a Weyl semimetal 

ArXiv:1503.01304

Energy

Momentum

 ArXiv:1503.09188

ArXiv:1412.6543

Dirac semimetal

TaAs

ZrTe5



Fermions and axial anomaly
Massless Dirac fermions

Covariant formulation                                   Semimetals:

Axial anomaly

Chiral separation effect        Chiral magnetic effect               AVV diagram

A

V                  V
     Usual (vector) chemical potential                                                              Chiral (axial) chemical potential

Currents

Vector                          Axial

Transport:

Why “anomalous” transport?



Classical symmetries

Vector 

Axial

Conformal

vector current is classically conserved 

axial current is classically conserved 

Dilatation current is classically conserved Energy-Momentum tensor

 anomalous  

 anomalous  

 untouchable  



Zoo of anomalies
(three out of six for completeness)

Axial

A

V                  V

Mixed

A

T                  T

(axial-gravitational anomaly)
Conformal

T

V                  V

Vector                          Axial                               Dilatation

Currents Energy-Momentum tensor

Full list: AVV, AAA, ATT, TVV, TAA, TTT

beta  
function

 transport   transport   transport  



  

Why the CME is interesting?

1) Because it gives an equilibrium dissipationless current!

    (similar to the electric current in superconductivity)

2) Because it exists in an interacting system: interactions cannot 

    destroy the CME if they do not wash out the chiral imbalance.

3) Because the CME does not need a presence of a condensate.

    A) Thus, thermal fluctuations cannot destroy the CME.

    B) Thus, the dissipationless electric current may exist at high 

        temperatures. BTW, the temperature of the quark-gluon

        plasma is of the order of 10
12

 Kelvin (200 MeV and more)

4) … now, an analogue of the CME is under very active search 

    in condensed matter physics (in Dirac and Weyl semi-metals

    discovered this and last years). Why? Because the CME is a 

    good alternative to the room-temperature superconductivity.

a slide from  
2014-2015
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a slide from  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nevertheless, very interesting, unusual, and useful area of research 



The effect cannot exist in equilibrium
many different and independent arguments

Kubo relations

holography

holography

band models

Bloch theorem

topology



Can we achieve the anomalous transport
in thermodynamic equilibrium…

… sacrificing Hermiticity?
Consider a non-Hermitian theory of (massive!) Dirac fermions

(counter-intuitive: massive fermions do not like chirality)

Lagrangian: Energy:

Change notations (important in our field, 𝜇 is already taken!):



Setup
many different and independent arguments

Non-Hermitian Hamiltonian for Dirac fermions
(a model of bulk states of topological insulators)

Conventional quantum mechanics:

(the time dependence in the Heisenberg picture)

For a non-Hermitian system:

A conserved quantity if quasi-Hermiticity is fulfilled:

→



Define the conserved current
The Non-Hermitian Hamiltonian

is a quasi-Hermitian operator:

The similarity transformation     with                    maps  (                        )  
the non-Hermitian Hamiltonian to the Hermitian one.

Define operator:

Which has the conventional time evolution:



Define the conserved current
In our case

The fermion has the physical mass

The conserved current:

with

Adding matter (finite-density system):

chemical potential



Bi-orthogonal quantum mechanics
Suitable for quasi-Hermitian Hamiltonians

Define two vectors:

Conjugated set:

In general, for non-Hermitian (quasi-Hermitian) Hamiltonians:



For the standard scalar product (       )

Bi-orthogonal quantum mechanics

Define:

Then:

Expectation value:

In our case:



Calculation of current in equilibrium
thermal expectation value of any variable:

single-particle propagator in imaginary time: 

bi-orthogonal sets of single-particle states in the magnetic field background



Calculation of current in equilibrium
Hellmann-Feynman theorem

For an operator one has:

For the thermal expectation value:

The electric current is defined as follows:
(in the third direction)



Calculation of current in equilibrium
energy spectrum of non-Hermitian Dirac fermions

in magnetic field background

For the Lowest Landau Level (             ) reminder:

Higher Landau Levels (             ) spin:

non-Hermiticity:

interesting (contribute)

uninteresting (don’t contribute)

The effect comes from the Lowest Landau Level only  
(the typical feature of the axial anomaly, but now in the non-Hermitian context)



Effect of matter
Energy levels (band structure) are affected by matter

in free, noninteracting theory

band structure of a massive non-Hermitian fermion at zero magnetic field  
but at finite chemical potential

massless excitation!



Non-Hermitian Chiral Magnetic Effect

electric current

magnetic field non-Hermitian mass

Hermitian mass



Repeating the same steps for the axial current J5 ≡ JA

Non-Hermitian Chiral Separation Effect

(needs a regularization)

non-Hermiticity:

The definition of the axial (chiral) current:

The Hellmann-Feynman theorem gives us:



Chiral Magnetic and Separation Effects
for the non-Hermitian theory of Dirac fermions

CME CSE

— the electric current is generated along  
    the magnetic field for any charge density

— the axial (chiral) current is generated along  
    the magnetic field for a nonzero charge density



Conclusions (anomalous transport effects)
1. Non-Hermitian Dirac fermions exhibit  

the Chiral Magnetic Effect: the generation of  
electric current along magnetic field. 

2. The effect in the thermal equilibrium (for NH). 

3. The effect works for massive (!) fermions! 

4. Non-Hermiticity is crucial. 

5. The chiral current is also generated  
(not surprising).

ArXiv:1901.06167 



Non-Hermitian ground state

Usually, the Non-Hermitian theories are considered  
with explicitly broken Hermiticity by background.

The physical systems are open, and stationary. 

What if the theory is totally Hermitian, but it choses 
a non-Hermitian ground state via a spontaneous  
symmetry breaking? 

A spontaneous breaking of the Hermiticity?

in a perfectly Hermitian theory?



High temperatures: 
T = 1012 Kelvins, hot  
plasma of quarks and 
gluons, chirally  
symmetry world.

Playground: quark-gluon plasma

confinement of color is out of menu
(generalizations are, however, possible)

The Nambu-Jona-Lasinio  
model an effective infrared 
model for fermionic degrees  
of freedom in QCD.

Low temperatures: 
our world, chiral  
symmetry breaking, 
massive hadrons 
(protons and neutrons).



The Nambu-Jona-Lasinio model

Lagrangian (relativistic superconductivity):

Partial bosonization:



Partially bosonized theory:

shifted:
Mean field, condensates:

Mean-field theory

Chiral rotation:

Fermionic mass:
redefine:



Integrate over the fermions and get the bosonic theory:

(for a homogeneous system, no kinetic term)

Regularize with the cut-off:

Critical coupling:

where



Two phases:

— strong coupling: chirally broken phase:   

— weak coupling: chirally restored phase:

Generation of mass in our World:

(in a different normalization G → G/2)

Equivalently, solve mass gap equations:



The Nambu-Jona-Lasinio model
Non-Hermitian ground state

Partial bosonization (extended, allowed, never done before):



Mean field Lagrangian after the chiral rotation:

We automatically get a PT-symmetric non-Hermitian 
mean-field Lagrangian for massive Dirac fermions!

the current (intrinsic) mass dynamical Hermitian mass

dynamical non-Hermitian mass



Bosonic mean field potential

(for a uniform ground state)Unbroken PT:

The Hermitian ground state, for comparison:



Effective potential
in the non-Hermitian ground state
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In the chiral limit: emergent non-compact U(1) symmetry

keeps the NH Lagrangian invariant:

The ground state breaks  the NH symmetry.

A new Goldstone boson associated  
with the spontaneous NH symmetry 
breaking? Gauging symmetry? New 
gauge field? 

Some work in progress, to appear.
Yes, yes, yes, but ….

(associated with the similarity transformation)



Conclusions (spontaneous non-Hermiticity)

1. Non-Hermitian PT-invariant ground states can  
appear spontaneously in a perfectly  Hermitian model. 
 

2. NH ground states are stable in the chiral limit 
(with no explicit breaking of the symmetry)  

3. … unstable in the explicitly broken case  
(but only a minimal, simplest model is explored!) 

4. Spontaneous non-Hermiticity will lead to a  
NH Goldstone boson and the NH gauge field  
with a gauged similarity transformation  
(work in progress)

ArXiv:2008.11629

Application: Quark-gluon plasma in an expanding  
fireball of a relativistic heavy-ion collision.


