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We consider ܰ particles in the plane influenced by a general external potential that are subject to 
the Coulomb interaction in two dimensions at inverse temperature  ߚ. At large temperature, when 
scaling ߚ ൌ ʹܿȀܰ with some fixed constant ܿ  Ͳ, in the large-ܰ limit we observe a crossover 
from Ginibre's circular law or its generalization to the density of non-interacting particles at ߚ ൌ Ͳ. 
Using several different methods we derive a partial differential equation of generalized Liouville 
type for the crossover density. For radially symmetric potentials we present some asymptotic results 
and give examples for the numerical solution of the crossover density. These findings generalise 
previous results when the interacting particles are confined to the real line. In that situation we 
derive an integral equation for the resolvent valid for a general potential and present the analytic 
solution for the density in case of a Gaussian plus logarithmic potential.  
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I plan to discuss eigenvector distribution in certain RM ensembles.  
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We present an approach to computing the scaling limits of Christoffel-Darboux kernels using 
transfer matrix evolution. 

  

 

 



OUTLINE

• strictly Quasi-Hermitian (sQH) & Pseudo-Hermitian (PH) 
Matrices

• strictly Quasi-Hermitian Matrices - Vibrational Spectra of 
Highly Connected Large Mechanical Systems

• Vibrational Spectra of Globular Protein Macromolecules

• The Uniform and Disordered Multi-Segmented Pendulum

• Eigenvalue Spectra of Pseudo-Hermitian Random Matrices 



STRICTLY QUASI-HERMITIAN MATRICES

H
†
M = MH

M

M,H N ⇥N matrices

hermitian positive metric

Hthe complex matrix 

is strictly quasi-hermitian with respect to the metric M

if it fulfills the intertwining relation 

(              reduces to ordinary hermiticity)M = 1



The intertwining relation H
†
M = MH

simply means that H is hermitian with respect to the metric M

hu1|u2iM = hu1|Mu2i

hu1|Hu2iM = hHu1|u2iM

Inner product with respect to metric M

hermiticity with respect to this inner product 

hu1|MHu2i = hHu1|Mu2i = hu1|H†
Mu2i

that is 



the general solution of the intertwining relation  H†
M = MH is

H = AM , A
† = A

Thus,  given      , there are       independent quasi-hermitian matrices with 
respect to  

M N2

M

h =
p

MA
p

M

h =
p

MH
1p
M

The spectrum of      is real, since it is similar to the hermitian matrix H

(see e.g., Y.N. Joglekar and W.A. Karr, PRE83(2011)031122  )            

given M



Remark: a more general factorization of  the metric

M = S†S

H
†(S†

S) = (S†
S)H

S
†�1

H
†
S
† = SHS

�1 = h = h
†

H = S
�1

hS, and H
† = S

†
hS

†�1

intertwining relation 

quasi-hermiticity

(Mostafazadeh 2002)



One of the earliest applications was by Dyson, a few years earlier, in his work on magnons:

further remarks: The term “quasi-hermiticity” was coined in 1960 in

Proc Int Symp on Linear Operators,  Jerusalem 1960 (pp 115-122, Pergamon Press, Oxford, 1961)

J. DYSON
present paper is achieved. We have a starting point for
detailed calculations of the thermodynamic effects of
spin-wave interactions. Such calculations will be carried
through, and quantitative results obtained, in a
following paper.
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The free energy of an ideal Heisenberg-model ferromagnet is
calculated as a power series in the temperature T, using the
mathematical machinery developed in an earlier paper'. The spon-
taneous magnetization in zero external field is given by

fM(T)/3f (0)g=S o(Pt' o—gttst' u—stt't' o—sS %+—O(tt'ts).
Here 8 is the temperature in dimensionless units, and cp cI c2 83
are positive numerical coeKcients which are computed for the
three types of cubic crystal lattice. The first two terms are the
result of the simple Bloch theory in which spin waves are treated
as noninteracting Bose particles with constant effective mass. The
a1 and a2 corrections come from the variation of eQ'ective mass
with velocity. The a3 term is the lowest order correction arising
from interaction between spin waves. This result is in violent

contradiction to earlier published calculations which gave inter-
action eHects proportional to T"4 and &.
The smallness of the thermodynamic e8'ects of spin-wave

interactions is discussed in physical terms, and partially ex-
plained, in the introduction of this paper. A general proof is
given that the thermodynamic effects of the "exclusion principle, "
which forbids more than (25') spin deviations to occupy the same
atom, are of order exp(—as ') and give zero contribution to any
finite power of 0. The residual dynamical interaction between 2
spin waves gives rise to a second virial coeScient b2 which is
calculated and shown to be of order T@2.The us term in the mag-
netization is proportional to b2'. EKects of interaction of 3 or
more spin waves are estimated and found to be of order 8~ or
higher.

1. INTRODUCTION
' 'N the preceding paper, ' a mathematical formalism
~ - was constructed to describe the motions of spin
waves in an ideal ferromagnetic lattice. In particular,
an exact formula (I, 157)was derived for the free energy
of such a lattice. In this paper the free energy will be
evaluated as a series expansion in powers of the tem-
perature T. The results may be expected to provide an
accurate description of the thermodynamics of the
model in the range of low temperatures, say below one
quarter of the Curie temperature. The notations and
definitions of the earlier paper will be used without
further explanation.
The quantity which is of the greatest practical

interest is the spontaneous magnetization sM(T) of
the lattice in zero external field. In the linear approxi-
mation of the Bloch spin-wave theory, ' this magnetiza-
tion is given by the formula

[M(T)/M(0) )=S—f(-')fist'. (1)
Here f(u) =gt"n is the Riemann zeta function, 5 is
the spin of each atom, and 0 is the dimensionless tem-
perature defined by Eq. (I, 108). Considerable uncer-
*Research supported by the National Science Foundation.' F. J. Dyson, preceding paper LPhys. Rev. 102, 1217 (1956)j.

This paper will be quoted as (I), and equations in it will be quoted
as (I, 157) etc' F. Bloch, Z. Physik 61, 206 (1930); 74, 295 (1932).

tainty has existed concerning the accuracy of this
formula. Kramers and Opechowski' have calculated
additional terms in an expansion in ascending powers
of 8, and find the next term to be of order O'. However,
Schafroth, 4 using the spin-wave formalism of Holstein
and Primakoff, ' finds a term in 0')" with a positive co-
efricient, which would interfere seriously with the 0"'
term in the temperature range of current experiments. '
Van Kranendonk' by another method arrives at a term
in 07I with a diGerent coefFicient. There is a clear
disagreement between these three published results.
The starting point of the present investigation was an
attempt to decide which of them is correct.
The Bloch formula (1) is obtained by assuming that

spin waves do not interact with one another, and that
the energy of a spin wave is proportional to X ', where
X is the wavelength. The theoretical deviations arise
from three causes: (a) deviation of the energy spectrum
from the X ' law; (b) true dynamical interaction be-
tween spin waves; (c) kinematical interaction between
spin waves due to the fact that a single atom cannot
carry more than 2S units of reversed spin simultane-
3H. A. Kramers, Commun. Kamerlingh Onnes Lab. Univ.

Leiden, 22, Suppl. No. 83 (1936);W. Opechowski, Physics 4, 715
(~937).
e M. R. Schafroth, Proc. Phys. Soc. (London) A67, 33 (1954);

T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940).' L. Noel, J. phys. radium 15, 74S (1954).' J. Van Kranendonk, Physica 21, Sj., 749 and 925 {1955).
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(vlFlg)=F 8„„, (2)

with F„given by Eqs. (I, 31) and (I, 32). Then accord-
ing to Eq. (I, 31)

(vlF its) =(vie). (3)

An ideal state ll) is called "proper" if there exists a
physical state l I) corresponding to it, which is the case
if each e; does not exceed 25. Otherwise the state ll)
is called "improper. " The meaning of Eq. (3) is that
the two sides of the equation are equal when ll) and
l
v) are proper states, and the left side is zero if one or
both states are improper.
The Hamiltonian K is transferred from the physical

to the ideal model by means of the parallel equations
(I, 26) and (I, 47). In consequence of Eq. (3), the
definition of the transferred Hamiltonian may be
written

(vlFX le) = (vlael «s). (4)

This equation, like Eq. (3), means that the two sides
are equal when lu) and l v) are proper, while the left
side is zero otherwise. In particular, Eq. (4) implies
that all matrix elements of K from an improper state
l«s) to a proper state lv) are zero. &ut the matrix ele-
ments into an improper state l v) need not be zero, be-
cause the left side of Eq. (4) is automatically zero when

l v) is improper. The matrix elements of X into improper
states are left completely undetermined by Eq. (4).
The choice of Eq. (I, 48) for the Hamiltonian of the

ideal model is not uniquely determined by Eq. (I, 47).
We may add to the Hamiltonian (I, 48) any operator
which has zero matrix elements into proper states l v),
and all the results obtained in I will remain valid. We
shall take advantage of this freedom to modify K in
the next section.
A convenient language in which to speak of the ideal

spin-wave model is to call the operator Ii an "indefinite
metric tensor. " Thus every state le) has an adjoint
defined by

(ul = (sslF. (5)

Every operator 0 of the physical model is transferred
to the ideal model by the definition

(vlOll) = (vlFOlu) =(vlOll), (6)

2. PHYSICAL AND IDEAL SPIN-WAVE MODELS

We now begin the analysis of thermodynamic eRects
of the kinematical interaction, which will occupy Secs.
2—4. The first step is to reformulate the properties of
the physical and ideal spin-wave models which were
discussed in Sec. (I, 5). The reformulation will supple-
ment and simplify, but not supersede, the results
obtained in I.
We introduce an operator Ii, operating in the Hilbert

space of the ideal spin-wave model. Between two states
le), lv) of the ideal model, defined by Eq. (I, 43), the
matrix element of Ii is

of which Eqs. (3) and (4) are special cases. If 0 is
Hermitian in the physical model, it satisfies in the
ideal model the condition

I'O=O Ii, (7)
that is to say it is self-adjoint with respect to the
metric F. In particular X, is self-adjoint in this sense.
In general, all physically observable quantities such as
probabilities and eigenvalues are unchanged when we
pass from the physical to the ideal model, provided
that conjugate states are replaced by adjoints. '
The interpretation of P as an indefinite metric makes

clearer the physical meaning of the eigenstates of the
Hamiltonian K which were studied in Sec. (I, 6).
These were states lP) of the ideal model satisfying the
equation

3('lit) = «I 4) (8)

I-et I' be the projection operator onto the proper states
of the ideal model; this has matrix elements

(v l
P

l I)=E„8„„
with F- given by Eq. (I, 56). The fact that 3(', has zero
matrix elements from improper to proper states is
expressed by the identity

Thus Eq. (8) implies

I'Bc=I'scI'. (10)

FKP
l P)= «F l g ).

If lf) is the physical state corresponding to the proper
part Pl/) of lf), than Eq. (11) is equivalent to the
statement

3('lk) = «14). (12)
Thus every solution of Eq. (8) for which P lf)&0 gives
rise to a physical eigenstate of the Hamiltonian in the
physical model.
Conversely, let lP) be any physical eigenstate satis-

fying Eq. (12). Then the corresponding proper ideal
state P lP) satisfies Eq. (11), from which

PEPIN) = «Pl a) (13)
follows. Thus Eqs. (12) and (13) are equivalent, and
there is a one-to-one correspondence between the
physical eigenstates lf) and the ideal eigenstates Pl/),
corresponding eigenvalues being equal. The deduction
of Eq. (8) from (13) is, however, not trivial. For Eq.
' The Holstein-Primakoff method (see reference 4) associates

with each physical state )m) the ideal state ~N)zzz= J'&~u). Thus
Eqs. (3) and (6) are replaced by (siv)zzi =(e~v), («I~OIrJ ~v)&I
=(e~Ojv), with a transformed operator OIri de&ned by OHi
=Ii&OI &. In particular, the transformed Hamiltonian K~~
=Ii&BCI & is Hermitian in the ideal model. By using the basic
states

~ m)av, which are orthogonal and correctly normalized, the
method avoids the conceptual difhculties associated with in-
de6nite metric and non-Hermitian Hamiltonian. But the metric
tensor F takes its revenge by appearing in K~z with a square
root; for any practical calculation of spin-wave interaction effects,
the Hamiltonian K~~ is useless because of the dominating non-
linear behavior of the square roots.
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then the  intertwining relation H
†
M = MH

PSEUDO-HERMITIAN MATRICES

relax positivity of        , but keep it invertibleM

thus,        is allowed to have either positive or negative eigenvalues, but not zeros   M

defines      merely as a pseudo-hermitian matrix.H

Indefinite metric: 
Pontryagin space (finite dimensional) 

Krein space (infinite dimensional)
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imply that the  characteristic polynomial P (z) = det (z �H)

Pseudo-Hermitian (PH) matrices, as opposed to sQuasi-Hermitian (sQH) 
matrices, may have pairs of complex-conjugate eigenvalues 

H = AM , A
† = A

remains the general solution of the intertwining relation

h =
p

MA
p

M

however,         is no longer hermitian, and therefore 
p

M

can possibly be non-hermitian as well

Mthe intertwining relation and invertibility  of 

has real coefficients, namely, P ⇤(z) = P (z⇤)

(Alternatively, the indefinite metric cannot be expressed as           ) S†S



Pesudo-anti-hermiticity of the infinitesimal generators of the 
classical non-compact groups

M = diag(+1,+1, . . . ,+1,�1,�1, . . . ,�1)indefinite metric

mn

O(n, m)orthogonal groups

infinitesimal generators g = 1 + ✏

gT Mg = Mg 2 O(n, m)

✏T M + M✏ = 0intertwining relation ✏ = AM , AT = �A!

U(n, m)

{
unitary groups

infinitesimal generators g = 1 + ✏

intertwining relation

g 2 U(n, m) g†Mg = M

✏†M + M✏ = 0 ! ✏ = AM A† = �A

Pseudo-Hermitian RMT: draw a generator at random. What will be the distribution of 
eigenvalues in the complex plane?

Ex.:

I will flash some slides with results in the end if  time permits
(J. Feinberg & R. Riser - to appear)



QH MATRICES: SMALL OSCILLATIONS OF STABLE 
MECHANICAL SYSTEMS

a mechanical system of N-degrees of freedom executing small 
oscillations about a stable equilibrium state

Mx·· + Kx = 0

M,K strictly positive hermitian NxN matrices

M mass matrix K matrix of spring constants

M = a(q0) Kij =
@2U

@qi@qj |q0

Hessian at minimum

L =
1
2
q·T a(q)q· � U(q) q0 equilibrium point

x = q� q0strictly  positive definite matrix



Harmonic eigenmodes

�
�!2M + K

�
A = 0

x = Aei!t

amplitude vector

Eigenfrequencies are roots of the characteristic polynomial

small oscillations about a stable minimum, so all frequencies must be real, 
and therefore all roots      of the polynomial must be positive, which is the 

case, since in a given mode,  
!2

!2 =
A†KA
A†MA

is the ratio of two positive numbers

eigenmode equation

PN (!2) = det (�!2M+K)



another way to establish positivity of eigenvalues:  
rewrite the eigenmode equation as 
1p
M

K
1p
M

⇣p
MA

⌘
= !2

⇣p
MA

⌘

p
M the all-positive root (among the       roots of      ) M

thus hÃ = !2Ã

h =
1p
M

K
1p
M Ã =

p
MA,

the matrix h is hermitian and strictly positive

it is of course hermitian 

2N



1
M

KA = !2Ayet another way to write the eigenmode equation:

that is, HA = !2
A where

H =
1
M

K H
† = K

1
M

and

clearly, H
† 6= H however, 

H
†
M = MH (= K) intertwining relation

H is an example of a  (s)quasi-hermitian matrix, with respect to a metric M

or, equivalently, H
† = MH

1
M

H and H
† are similar;

and it is similar to a (positive) hermitian matrix: H =
1p
M

h

p
M

hence its spectrum is real (and positive)



sQH Random Matrix Theory
For very large mechanical systems, with high connectivity 
(all mechanical d.o.f.’s are coupled to each other), this problem 
naturally lends itself to analysis in terms of random matrices. 

M KDraw the matrices      and      from sensible uncorrelated 
probability distributions of positive definite matrices, and 

compute the resulting eigenvalue statistics of                          H =
1
M

K

Free probability theory offers a natural approach to 
this mathematical problem (S-transforms)

This is the non-commutative (matrix) analog of multiplying the Mellin 
transforms of the pdf’s of two independent commuting positive 

random variables.  

M, K non-commuting!



solved by applying standard RMT methods

1. In this work: M, K full, random, positive definite &  
statistically independent matrices

on the phonon spectrum in disordered harmonic chains.
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We consider an ensemble of fully connected networks of N oscillators coupled harmonically with random
springs and show, using random-matrix-theory considerations, that both the average phonon heat current and
its variance are scale invariant and take universal values in the large N limit. These anomalous mesoscopic
fluctuations is the hallmark of strong correlations between normal modes.
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I. INTRODUCTION

The study of heat conduction by phonons in disordered or
chaotic structures have attracted recently considerable interest
[1–3]. A central issue of these investigations is the dependence
of the average heat current J on the system size N . A naive ex-
pectation is that disorder or phonon-phonon interactions scat-
ters normal modes and induces a diffusive energy transport that
leads to a normal heat conduction described by Fourier’s law
which states that e.g., in one dimension J " N!1. Many stud-
ies [2–8], however, find that in low-dimensional chains J scales
as J " N!! , where ! is usually different from one. In fact,
experiments on heat conduction in nanotubes and graphene
flakes have reported observations of such anomalous behavior
[9–11].

However, many real stuctures such as biological sys-
tems [12] and artificial networks in thin-film transistors
and nanosensors [13] are not simple one-dimensional or
two-dimensional lattices. Rather they are characterized by a
complex connectivity that can be easily designed and realized
in the laboratory [14–16]. Therefore, understanding the normal
and anomalous heat conduction in complex networks is a
timely fundamental problem.

The complexity of coherent wave interferences in such
networks calls for a statistical treatment of their transport
characteristics. Such statistical treatment, based on the random
matrix theory (RMT) [17], proved very fruitful in various
branches of physics [18–21], ranging from nuclear and
atomic physics to mesoscopic physics of disordered and
chaotic systems. The RMT approach often uncovers the most
fundamental, universal properties of complex systems, and it
is the purpose of the present paper to develop this kind of
approach for the heat transport problem [22].

At the same time one needs to be aware that the actual
networks have various features involved, like sparsity, finite
long-range coupling, etc. In our study we do not consider all
these important features at all as our primary goal is to point
out that the toolbox of wave chaos and RMT modeling can be
used for the study of thermal transport. On the other hand one
needs to know the importance of these features. The obvious
way towards achieving this goal is to solve and understand first
the most simple RMT case. Any deviations from its predictions
will signify the importance of these other features.

In this paper we address heat transport and the associ-
ated sample-to-sample mesoscopic fluctuations of complex

networks of N equal masses connected with one another via
random harmonic springs. In Sec. II we present the theoretical
model associated with a network of N coupled oscillators and
express (in the weak coupling limit with the bath) the heat
current in terms of the normal modes of the corresponding
Hamiltonian. In Sec. III we write down the random matrix
corresponding to our model. We show that the standard RMT
models cannot explain the scaling form of the variance.
Instead, the statistical description of heat transport can be
effectively described by an ensemble of random matrices with
diagonal elements that fluctuate with a variance N times
larger than the corresponding variance of the off-diagonal
elements. Using RMT considerations we show that both the
average heat current #J $ and its variance ("J )2 are scale
invariant and assume universal values in the large N limit.
These anomalous mesoscopic fluctuations are the hallmark of
strong correlations between normal modes of the system. In
Sec. IV we investigate the effects of boundary conditions. For
moderate size networks, with random springs taken from a
distribution with variance # 2 < 1/N , we find that the heat
transport is sensitive to the boundary conditions imposed on
the two end sites which are coupled to the thermal baths. A
numerical confirmation that our system reach nonequilibrium
steady state is given in Sec. V. Our conclusions are given in
Sec. VI. We hope that our analysis will motivate the use of
RMT models and provide new insight into the mesoscopic
fluctuations of heat transport.

II. ZERO-DIMENSIONAL HARMONIC CHAIN

We consider a network of N harmonic oscillators of equal
masses m = m0. The system is described by the Hamiltonian
[24],

H = 1
2P T M̂!1P + 1

2QT $̂Q, (1)

where QT % (q1,q2, . . . ,qN ), P T % (p1,p2, . . . ,pN ), and
qn,pn are, respectively, the individual oscillator displacements
and momenta. The mass matrix is Mnm = %nmm0, and $̂
is the force matrix that also contains information about the
boundary conditions (b.c.). For a fully connected network of
coupled oscillators with free b.c. $̂ takes the form $nm =
(
!

l knl)%nm ! knm where knm are the spring coupling con-
stants. These spring constants knm are chosen to be symmetric
(knm = kmn) and uniformly distributed according to knm &
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[1–3]. A central issue of these investigations is the dependence
of the average heat current J on the system size N . A naive ex-
pectation is that disorder or phonon-phonon interactions scat-
ters normal modes and induces a diffusive energy transport that
leads to a normal heat conduction described by Fourier’s law
which states that e.g., in one dimension J " N!1. Many stud-
ies [2–8], however, find that in low-dimensional chains J scales
as J " N!! , where ! is usually different from one. In fact,
experiments on heat conduction in nanotubes and graphene
flakes have reported observations of such anomalous behavior
[9–11].

However, many real stuctures such as biological sys-
tems [12] and artificial networks in thin-film transistors
and nanosensors [13] are not simple one-dimensional or
two-dimensional lattices. Rather they are characterized by a
complex connectivity that can be easily designed and realized
in the laboratory [14–16]. Therefore, understanding the normal
and anomalous heat conduction in complex networks is a
timely fundamental problem.

The complexity of coherent wave interferences in such
networks calls for a statistical treatment of their transport
characteristics. Such statistical treatment, based on the random
matrix theory (RMT) [17], proved very fruitful in various
branches of physics [18–21], ranging from nuclear and
atomic physics to mesoscopic physics of disordered and
chaotic systems. The RMT approach often uncovers the most
fundamental, universal properties of complex systems, and it
is the purpose of the present paper to develop this kind of
approach for the heat transport problem [22].

At the same time one needs to be aware that the actual
networks have various features involved, like sparsity, finite
long-range coupling, etc. In our study we do not consider all
these important features at all as our primary goal is to point
out that the toolbox of wave chaos and RMT modeling can be
used for the study of thermal transport. On the other hand one
needs to know the importance of these features. The obvious
way towards achieving this goal is to solve and understand first
the most simple RMT case. Any deviations from its predictions
will signify the importance of these other features.

In this paper we address heat transport and the associ-
ated sample-to-sample mesoscopic fluctuations of complex

networks of N equal masses connected with one another via
random harmonic springs. In Sec. II we present the theoretical
model associated with a network of N coupled oscillators and
express (in the weak coupling limit with the bath) the heat
current in terms of the normal modes of the corresponding
Hamiltonian. In Sec. III we write down the random matrix
corresponding to our model. We show that the standard RMT
models cannot explain the scaling form of the variance.
Instead, the statistical description of heat transport can be
effectively described by an ensemble of random matrices with
diagonal elements that fluctuate with a variance N times
larger than the corresponding variance of the off-diagonal
elements. Using RMT considerations we show that both the
average heat current #J $ and its variance ("J )2 are scale
invariant and assume universal values in the large N limit.
These anomalous mesoscopic fluctuations are the hallmark of
strong correlations between normal modes of the system. In
Sec. IV we investigate the effects of boundary conditions. For
moderate size networks, with random springs taken from a
distribution with variance # 2 < 1/N , we find that the heat
transport is sensitive to the boundary conditions imposed on
the two end sites which are coupled to the thermal baths. A
numerical confirmation that our system reach nonequilibrium
steady state is given in Sec. V. Our conclusions are given in
Sec. VI. We hope that our analysis will motivate the use of
RMT models and provide new insight into the mesoscopic
fluctuations of heat transport.

II. ZERO-DIMENSIONAL HARMONIC CHAIN

We consider a network of N harmonic oscillators of equal
masses m = m0. The system is described by the Hamiltonian
[24],

H = 1
2P T M̂!1P + 1

2QT $̂Q, (1)

where QT % (q1,q2, . . . ,qN ), P T % (p1,p2, . . . ,pN ), and
qn,pn are, respectively, the individual oscillator displacements
and momenta. The mass matrix is Mnm = %nmm0, and $̂
is the force matrix that also contains information about the
boundary conditions (b.c.). For a fully connected network of
coupled oscillators with free b.c. $̂ takes the form $nm =
(
!

l knl)%nm ! knm where knm are the spring coupling con-
stants. These spring constants knm are chosen to be symmetric
(knm = kmn) and uniformly distributed according to knm &
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The linear vibrational spectrum of large stable 
mechanical systems with high connectivity
(J. Feinberg & R. Riser - to appear)

model the positive matrices M, K as real Wishart ⇠ CTC

for technical convenience: real ! complex (does not affect large-N limit results)

4

”see” many segment together like one piece of averaged
lengths/masses/charges?*** At the edge of the spectrum,
the density of the disordered system vanishes for all three
cases. The previous discontinuities disappear since av-
eraging over random samples has a similar e↵ect as a
convolution with a mollifier.

Beside the spectrum we also have analyzed the eigen-
vectors of HHH. In the constant model we have found that
the states are extended for small frequencies and become
more and more localized towards the right edge of the
spectrum. In the disordered system there exists extended
states while most states are localized. ***anything else
to say about localization / eigenvectors? ***END NEW
TEXT***

*** The resulting matricesMMM andKKK are full and rather
complicated functions of the 3N parameters entering the
problem. Such a system clearly lends itself to analysis in
terms of random matrices. ***

The methods tailored for disordered chains or
crystals13–15 are inapplicable for determining the average
phonon (or vibrational) spectra of systems described by
full random matrices MMM and KKK. This requires a di↵erent
approach:

Since there is no reason to expect any statistical cor-
relation between these two matrices, we shall draw them
from two independent probability ensembles. The matrix
elements of both MMM and KKK cannot be distributed inde-
pendently. The elements of each matrix are correlated
by the fact that these matrices are positive. By defini-
tion, these matrices are also real. The least biased way
to fulfil these constraints is to take these matrices to be
of Wishart form CCC

T
CCC, with CCC an N ⇥ N real Ginibre

matrix16. We shall however henceforth relax the con-
straint that MMM and KKK be real, and take them to be posi-
tive hermitian, with CCC drawn from the complex Ginibre
probability ensemble

P�(CCC) =
1

Z
e
� N

�2 TrCCC†
CCC
, (12)

with the variance tuned such that the eigenvalues of CCC
are spread uniformly in a disk of finite radius � in the
complex plane, as N tends to infinity. Here Z is a no-
ramlization factor, and expectation values are given by

hF (CCC,CCC
†)i� =

ˆ 2

4
NY

i,j=1

dReCij dImCij

3

5 P�(CCC)F (CCC,CCC
†)

(13)
Thus, we form two such independent complex Ginibre
ensembles, one for KKK = CCC

†
1CCC1 with variance �

2
K
, and

another forMMM = CCC
†
2CCC2+m0 with variance �2

M
. The pos-

itive shift parameter m0 ensures that MMM � m0 is strictly
positive with probability one, as it should be.

Such a generalization from real into complex matrices
should not change the vibration spectrum in the thermo-
dynamic limit. We have verified this expectation numer-
ically: The di↵erence between real and hermitian ma-
trices amounts only to small finite-N corrections at the

high frequency band-edge, which vanish as N tends to
infinity (see Fig. 2). Of course, a more detailed inves-
tigation of the spectral statistics of such systems, such
as studying level-spacings, will depend on whether one
is studying real or complex matrices. In this paper we
focus exclusively on the average spectrum in the thermo-
dynamic limit, which is not a↵ected by taking MMM and KKK

to be complex hermitian. Issues of more detailed spectral
statistics of such systems is an open problem.

By making this innocuous generalization to complex
Ginibre matrices, we can straightforwardly bring tech-
niques of free probability theory17,18 to bear, and use
them to obtain the average spectrum analytically. An-
other advantage of this generalization renders our results
directly applicable also to the oscillation spectrum of
large complex LC electrical circuits.

Having defined the probability ensembles forMMM andKKK,
we draw a pair of such matrices from their corresponding
ensembles and compute the random matrixHHH =MMM

�1
KKK,

in accordance with (3).

Our objective is to calculate the resolvent

GHHH(z;m0,�M ,�K) =
D 1

N
Tr

1

z �MMM�1KKK

E

�M ,�K

(14)

of HHH =
⇣
CCC

†
2CCC2 +m0

⌘�1
CCC

†
1CCC1, averaged over P�K (CCC1)

and P�M (CCC2) in (12), according to (13), in the large-N
limit. We can then obtain the desired averaged density
of eigenvalues

%HHH(!2) =
D 1

N
Tr �

�
!
2 �HHH

� E

�M ,�K

(15)
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FIG. 2: Histogram envelope curve showing the density of
eigenvalues %HHH(!2) of the mechanical system for complex ma-
trices with N = 64 (blue) and N = 1024 (purple) and for real
matrices with N = 64 (red) and N = 1024 (yellow), cal-
culated from 2 ⇥ 107 samples (N = 64) and 50000 samples
(N = 1024). The parameters of the system are m0 = 0.5,
�M = �K = 1. The dashed black line shows the theoretical
large N prediction for complex matrices given by (38). The
inset here (and in all figures below) shows a magnification of
the edge behavior for the same data.
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as studying level-spacings, will depend on whether one
is studying real or complex matrices. In this paper we
focus exclusively on the average spectrum in the thermo-
dynamic limit, which is not a↵ected by taking MMM and KKK

to be complex hermitian. Issues of more detailed spectral
statistics of such systems is an open problem.

By making this innocuous generalization to complex
Ginibre matrices, we can straightforwardly bring tech-
niques of free probability theory17,18 to bear, and use
them to obtain the average spectrum analytically. An-
other advantage of this generalization renders our results
directly applicable also to the oscillation spectrum of
large complex LC electrical circuits.
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FIG. 2: Histogram envelope curve showing the density of
eigenvalues %HHH(!2) of the mechanical system for complex ma-
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inset here (and in all figures below) shows a magnification of
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is studying real or complex matrices. In this paper we
focus exclusively on the average spectrum in the thermo-
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we draw a pair of such matrices from their corresponding
ensembles and compute the random matrixHHH =MMM

�1
KKK,

in accordance with (3).

Our objective is to calculate the resolvent

GHHH(z;m0,�M ,�K) =
D 1
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Tr
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z �MMM�1KKK

E

�M ,�K

(14)

of HHH =
⇣
CCC

†
2CCC2 +m0

⌘�1
CCC

†
1CCC1, averaged over P�K (CCC1)

and P�M (CCC2) in (12), according to (13), in the large-N
limit. We can then obtain the desired averaged density
of eigenvalues

%HHH(!2) =
D 1

N
Tr �

�
!
2 �HHH

� E

�M ,�K
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FIG. 2: Histogram envelope curve showing the density of
eigenvalues %HHH(!2) of the mechanical system for complex ma-
trices with N = 64 (blue) and N = 1024 (purple) and for real
matrices with N = 64 (red) and N = 1024 (yellow), cal-
culated from 2 ⇥ 107 samples (N = 64) and 50000 samples
(N = 1024). The parameters of the system are m0 = 0.5,
�M = �K = 1. The dashed black line shows the theoretical
large N prediction for complex matrices given by (38). The
inset here (and in all figures below) shows a magnification of
the edge behavior for the same data.
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of HHH from (14) in the usual manner

%HHH(!2) =
1

⇡
ImGHHH(!2 � i✏;m0,�M ,�K) (16)

as ✏ ! 0+.
An immediate consequence of (12)-(14) is that the re-

solvent (14) obeys the scaling law

GHHH(z;m0,�M ,�K) =

✓
�M

�K

◆2

GHHH (⇣;µ, 1, 1) , (17)

with rescaled variables

⇣ =

✓
�M

�K

◆2

z =
z

!
2
0

and µ =
m0

�
2
M

. (18)

Clearly, �2
M

has dimensions of mass, and �
2
K

has dimen-

sions of force per unit length. Thus, �
2
K

�
2
M

= !
2
0 has dimen-

sions of frequency squared, and (18) simply instructs us
to measure m0 in units of �2

M
and the complex spectral

parameter z in units of !2
0 .

B. Free Probability Theory

The random matrix HHH is the product of two statis-
tically independent, positive-definite random matrices,
taken from unitary-invariant probability ensembles. In-
deed, the random matrixXXX =MMM

�1, likeMMM , has a proba-
bility distribution invariant under unitary rotations. Af-
ter a straightforward calculation, one obtains its proba-
bility distribution as

Q(XXX) = N
⇥
�
XXX

�1 �m0

�

(detXXX)2N
e
� N

�2
M

Tr (XXX�1�m0)
, (19)

where the matricial step function ⇥(·) enforces positivity
of XXX�1�m0 (= CCC

†
2CCC2), and N is a normalization factor.

The S-transform of free probability theory17,18 is a
common tool for calculating the resolvent and density
of eigenvalues of products like HHH, in the large-N limit.
In our case, it reduces the calculation of (14) to solving
a certain cubic equation (see (33)). The procedure is as
follows: Compute the resolvents of XXX and KKK, then com-
pute the S-transfroms of these resolvents and multiply
them together to obtain the S-transform of HHH, and fi-
nally, make an inverse transform of the latter to obtain
the resolvent (14) of HHH.

The resolvent

G(z;�) =
D 1

N
Tr

1

z �CCC†CCC

E

�

=
1

2�2

 
1�

r
1� 4�2

z

!

(20)
is a special case of a more general expression obtained
long ago by Marchenko and Pastur19, and it can be de-
rived in several ways20. It is analytic in the cut complex-z
plane, with branch points at z = 0, 4�2.The cut emanat-
ing from each branch point runs to the left, along the

real axis. With this assignment of the cuts, G(z;�) is
pure-imaginary along the segment [0, 4�2], which is the
support of the average density of eigenvalues

⇢(x;�) =
1

⇡
ImG(x� i✏;�) =

1

2⇡�2

r
4�2 � x

x
. (21)

From the large-z expansion G(z;�) = 1
z
+ �

2

z2 + . . ., we
can read-o↵ the first moment µ1 = h 1

N
Tr
�
CCC

†
CCC
�
i� = �

2,
as should be expected from (12).
The resolvent GKKK(z;�K) of KKK is simply G(z;�K), and

its first moment is non-vanishing. (The latter is a tech-
nical requirement for applying the S-transform.) The
resolvent of XXX =MMM

�1 can also be obtained from (20) in
a straightforward manner:

GMMM�1(z;m0,�M ) =
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N
Tr
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E
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z
� 1
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Tr
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z�1 �MMM

E
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1

z
� 1

z2

D 1

N
Tr
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z�1 �m0 �CCC
†
2CCC2

E

�M

=
1

z
� 1

z2
G(z�1 �m0;�M )

=
1

z
� 1

2�2
M
z2

+
1

2�2
M
z2

s
1� (m0 + 4�2

M
)z

1�m0z
. (22)

The cut structure for this resolvent is similar to that of
(20), with the average density of eigenvalues

%MMM�1(x) =
1

⇡
ImGMMM�1(x� i✏;m0,�M )

=

⇣
1 + 4�2

M
m0

⌘ 1
2

2⇡�2
M

1

x2

vuutx� 1
m0+4�2

M

1
m0

� x
(23)

supported between the two branch points along the
segment [(m0 + 4�2

M
)�1

,m
�1
0 ] . The large-z expan-

sion of GMMM�1(z;m0,�M ) yields the first moment µ1 =

h 1
N
TrMMM�1i�M = 1

2�2
M
(
q

1 +
4�2

M
m0

� 1) > 0 .

The next step18 in computing the S-transform of any of
the aforementioned resolvents G(z) amounts to defining
a related function

�(z) =
1

z
G

✓
1

z

◆
� 1 . (24)

Recall that G(z) is the generating function for the mo-
ments µn = h 1

N
TrAAAni of the positive definite random

matrix AAA(=KKK,MMM
�1):

G(z) =
1X

n=0

µn

zn+1
, (25)

where of course µ0 = 1, and µ1 > 0 by assumption. Thus,

�(z) =
1X

n=1

µnz
n
. (26)
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In particular, this means that

lim
z!0

�(z)

z
= µ1 > 0 . (27)

Let �(u) be the functional inverse of �(z), that is the
solution of

�(�(z)) = z , (28)

consistent with (27). Thus, in case (28) has several roots
for �(u), we pick that root which behaves like u

µ1
as u !

0. Then, finally, the S-transform of G(z) is defined as

S(u) =
u+ 1

u
�(u) . (29)

Following this procedure, we thus obtain the S-
transforms of GKKK(z;�K) and GMMM�1(z;m0,�M ), respec-
tively, as

SKKK(u) =
1

�
2
K
(u+ 1)

SMMM�1(u) =
�
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M

2

2

4m0

�
2
M

� u+

s✓
u+

m0

�
2
M

◆2

+
4m0

�
2
M

3

5(30)

We now multiply the two expressions in (30) to obtain
the S-transform of HHH,

SHHH(u) = SMMM�1(u)SKKK(u) =
u+ 1

u
�HHH(u) . (31)

We thus find

�HHH(u) =
�
2
M

2�2
K

u

(u+ 1)2

2

4m0

�
2
M

� u+

s✓
u+

m0

�
2
M

◆2

+
4m0

�
2
M

3

5 ,

(32)
which is the functional inverse of �HHH(z). After some
work, we thus obtain from (28) a quartic equation for
�HHH(z), which contains a factor �HHH + 1. Since �HHH is not
identically constant, we can safely divide through by this
factor and obtain a cubic equation for �HHH . Finally, by
virtue of (24), this cubic equation leads to a cubic equa-
tion for GHHH(z;m0,�M ,�K):

"✓
�K

�M

◆4

z +

✓
�K

�M

◆2

z
2

#
G

3
HHH

�
"✓

2 +
m0

�
2
M

◆✓
�K

�M

◆2

z +
m0

�
2
M

z
2

#
G

2
HHH

+

"✓
1 +

m0

�
2
M

◆✓
�K

�M

◆2

+ 2
m0

�
2
M

z

#
GHHH � m0

�
2
M

= 0 .

(33)

The desired resolvent (14) is that root of (33) with
asymptotic behavior GHHH(z) ⇠ 1

z
as z ! 1. This equa-

tion is consistent with the scaling law (17), and we can

write it in terms of the rescaled variables (18) more com-
pactly as

�
⇣ + ⇣

2
�
�(⇣, µ)3 �

⇥
(2 + µ)⇣ + µ⇣

2
⇤
�(⇣, µ)2

+(1 + µ+ 2µ⇣)�(⇣, µ)� µ = 0 , (34)

where we have defined

�(⇣, µ) =

✓
�K

�M

◆2

GHHH(z;m0,�M ,�K) = GHHH(⇣;µ, 1, 1)

(35)
The solutions of the cubic equation (34) are illustrated
in Fig. 3.

C. Analytical Derivation of the Density

Our main objective is to calculate %HHH(x) =
1
⇡
ImGHHH(x � i✏). Therefore we should look for complex

solutions of (34) along the Re⇣ = x axis. More specifi-
cally, we are looking there for a pair of complex-conjugate
roots. Thus, we should analyze the discriminant

��(x) = xp3(x), (36)

of (34) and find where it is negative. In (36) p3 is the
cubic polynomial

p3(x) = (µ+ 4)µ3
x
3 + 2µ2(µ2 + 2µ� 6)x2

+ (µ3 � 4µ2 � 20µ+ 12)µx� 4(µ3 + 3µ2 + 3µ+ 1).

The discriminant of p3 is

�p3 = �16µ8(µ2 + 10µ+ 27)3

FIG. 3: The solutions � of the cubic equation (34) as a func-
tion of ⇣, along the real ⇣�axis for µ = 1. The color code for
the three solutions is as follows: The real (imaginary) part of
solution 1 is blue (red), the real (imaginary) part of solution 2
is green (purple), and the purely real solution 3 is yellow. The
nonphysical solutions 2 and 3 are plotted in dashed lines. Note
that solutions 1 and 2 are complex-conjugate in the interval
(0, x1), and that their imaginary parts vanish identically out-
side this interval.
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s✓
u+

m0

�
2
M

◆2

+
4m0

�
2
M

3

5 ,

(32)
which is the functional inverse of �HHH(z). After some
work, we thus obtain from (28) a quartic equation for
�HHH(z), which contains a factor �HHH + 1. Since �HHH is not
identically constant, we can safely divide through by this
factor and obtain a cubic equation for �HHH . Finally, by
virtue of (24), this cubic equation leads to a cubic equa-
tion for GHHH(z;m0,�M ,�K):
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�
2
M
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(33)

The desired resolvent (14) is that root of (33) with
asymptotic behavior GHHH(z) ⇠ 1

z
as z ! 1. This equa-

tion is consistent with the scaling law (17), and we can

write it in terms of the rescaled variables (18) more com-
pactly as

�
⇣ + ⇣

2
�
�(⇣, µ)3 �

⇥
(2 + µ)⇣ + µ⇣

2
⇤
�(⇣, µ)2

+(1 + µ+ 2µ⇣)�(⇣, µ)� µ = 0 , (34)

where we have defined

�(⇣, µ) =

✓
�K

�M

◆2

GHHH(z;m0,�M ,�K) = GHHH(⇣;µ, 1, 1)

(35)
The solutions of the cubic equation (34) are illustrated
in Fig. 3.

C. Analytical Derivation of the Density

Our main objective is to calculate %HHH(x) =
1
⇡
ImGHHH(x � i✏). Therefore we should look for complex

solutions of (34) along the Re⇣ = x axis. More specifi-
cally, we are looking there for a pair of complex-conjugate
roots. Thus, we should analyze the discriminant

��(x) = xp3(x), (36)

of (34) and find where it is negative. In (36) p3 is the
cubic polynomial

p3(x) = (µ+ 4)µ3
x
3 + 2µ2(µ2 + 2µ� 6)x2

+ (µ3 � 4µ2 � 20µ+ 12)µx� 4(µ3 + 3µ2 + 3µ+ 1).

The discriminant of p3 is

�p3 = �16µ8(µ2 + 10µ+ 27)3

FIG. 3: The solutions � of the cubic equation (34) as a func-
tion of ⇣, along the real ⇣�axis for µ = 1. The color code for
the three solutions is as follows: The real (imaginary) part of
solution 1 is blue (red), the real (imaginary) part of solution 2
is green (purple), and the purely real solution 3 is yellow. The
nonphysical solutions 2 and 3 are plotted in dashed lines. Note
that solutions 1 and 2 are complex-conjugate in the interval
(0, x1), and that their imaginary parts vanish identically out-
side this interval.

free probability theory: 

physical root : �(⇣, µ) ⇠ 1

⇣
as ⇣ ! 1

Results:
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Figure 1: x1 as a function of µ.

From this follows that there exists only one real x1 such that p3(x1) = 0 and
one can see that it must be positive. It is given by

x1 =
1

3µ3(µ+ 4)

✓
�2µ2(µ2 + 2µ� 6) +

(⇠1 +
p
�1)1/3 + (⇠1 �

p
�1)1/3

21/3

◆
,

(9)
where

⇠1 = 2µ7(µ5 + 24µ4 + 264µ3 + 1574µ2 + 4806µ+ 5832), (10)

�1 = �27µ6(µ+ 4)2�p3 = 432µ14(µ+ 4)2(µ2 + 10µ+ 27)3. (11)

For large µ we note that x1 has the behavior x1 = 4/µ+O(µ�2).
We conclude that �� becomes zero at x = 0 and x = x1. Further we see

that �� is only positive outside of the interval [0, x1]. Therefore, on the real
line, equation (1) has three distinct real solution outside of [0, x1] and one
real and a pair of complex conjugated solutions on (0, x1). Obviously the
real solution of � correspond to the solutions of P (x) when Q(x) ⌘ 0 which
we are discussing in this section.

The three real solutions of equation (5) outside of the interval [0, x1] are

2

x =

✓
!

!0

◆2

x1 = x1(µ) a known function of µ (see next slide)
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From this follows that there exists only one real x1 such that p3(x1) = 0 and
one can see that it must be positive. It is given by
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From this follows that there exists only one real x1 such that p3(x1) = 0 and
one can see that it must be positive. It is given by

x1 =
1
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�1 = �27µ6(µ+ 4)2�p3 = 432µ14(µ+ 4)2(µ2 + 10µ+ 27)3. (11)

For large µ we note that x1 has the behavior x1 = 4/µ+O(µ�2).
We conclude that �� becomes zero at x = 0 and x = x1. Further we see

that �� is only positive outside of the interval [0, x1]. Therefore, on the real
line, equation (1) has three distinct real solution outside of [0, x1] and one
real and a pair of complex conjugated solutions on (0, x1). Obviously the
real solution of � correspond to the solutions of P (x) when Q(x) ⌘ 0 which
we are discussing in this section.

The three real solutions of equation (5) outside of the interval [0, x1] are

2

x =

✓
!

!0

◆2

x1(µ) =
4

µ
+O(

1

µ2
) , µ ! 1

7

which is manifestly negative for all µ > 0, meaning p3(x)
has only one real root

x1 =
1

3µ3(µ+ 4)

⇣
� 2µ2(µ2 + 2µ� 6)

+
(⇠1 +

p
�1)1/3 + (⇠1 �

p
�1)1/3

21/3

⌘
, (37)

with

⇠1 = 2µ7(µ5 + 24µ4 + 264µ3 + 1574µ2 + 4806µ+ 5832),

�1 = 432µ14(µ+ 4)2(µ2 + 10µ+ 27)3.

It can be shown that x1 is positive. Thus for positive µ,
��(x) is negative only along the interval (0, x1), and this
is where (34) has a pair of complex-conjugate roots. This
interval is therefore the desired support of %HHH(x). This
support is purely positive as it should be, due to positiv-
ity of the matrix HHH. The endpoint x1 as a function of µ
is plotted in Fig. 4. We see that x1(µ) is a monotonically
decreasing function, which should be expected physically
because !

2 ⇠MMM
�1

KKK ⇠ 1/µ.
Picking that root of the cubic (34) which has positive

imaginary part along [0, x1] we thus find

%HHH(x) =
1

2
p
3x(x+ 1)⇡

✓
(⇠� + ��)1/3

21/3
� 21/3��

(⇠� + ��)1/3

◆
,

(38)
where

⇠� = �x
2[2µ3

x
4 + 6µ2(µ� 1)x3 + 3µ(2µ2 � 7µ+ 2)x2

+ 2(µ3 � 12µ2 + 3µ� 1)x� 9(µ2 + 2)],

�� = x(x+ 1)
p

�27��(x),

�� = µ
2
x
4 + 2µ(µ� 1)x3 + (µ2� 5µ+ 1)x2 � 3(µ+ 1)x.

%HHH(x) diverges at the origin like the inverse of a square
root and vanishes at x1 like a square root (with known
coe�cients).

Let %
num
HHH,N

(x) denote the finite N averaged density of
the mechanical system from numerical simulations. It is
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FIG. 4: The density of eigenvalues %HHH(!2) is supported along
the interval 0  !

2  x1. The graph shows the right endpoint
x1 (in rescaled coordinates) given by (37) as a function of µ.

described by the curves in the following plots. They are
the envelope curves gleaned from histograms with very
narrow bins. These curves for %

num
HHH,N

(x) are in excellent
agreement with the analytical expression for %HHH in (38)
when N is large. In Fig. 5 we show a histogram from one
sample which demonstrates self-averaging of the eigen-
value density of large matrices. In Fig. 6 we display %

num
HHH,N

obtained by averaging over a million samples, and com-
pare it to %HHH , for various values of the parameter �M .
Note that in the limit 1/µ ! 0, %num

HHH,N
(x) converges to

the Marchenko-Pastur density (dotted line in Fig. 6) as
should be expected, because in this limit the matrix MMM

becomes deterministic and proportional to the unit ma-
trix. In the opposite limit of large �M (or equivalently
µ ! 0), the density looks qualitatively di↵erent from the
Marchenko-Pastur profile. In fact, at µ = 0, (34) reduces
to a quadratic equation.

D. Universal Edge Behavior of the Density

In Fig. 7 we show numerical results for the density, with
a fixed choice of parameters and for various values of N .
Convergence of the numerical results to the theoretical
large-N curve in the bulk is rapid, whereas convergence
close to the high frequency (soft) edge is non-uniform,
with visible finite-N corrections. The model with com-
plex matrices clearly exhibits oscillatory behavior (see
Fig. 7) towards the high frequency edge, as in the canon-
ical GUE case. On the other hand, the model with real
matrices has non-oscillatory edge behavior, like in the
GOE case (as can be seen in Fig. 2). Referring back to
the complex case, we expect its edge behavior to be in
the Airy universality class, because in the large-N limit
the density vanishes at the edge like

p
x1 � x. We veri-

fied this expectation numerically as can be seen in Fig. 8.
To this end we studied the rescaled density

%
edge
HHH,N

(⌘) = rN
1/3

%
num
HHH,N

(x1 + rN
�2/3

⌘), (39)
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FIG. 5: Histogram of a simulation of %
num
HHH,N (!2) using one

sample with N = 65536, µ = 0.01,�M = �K = 1. The red
line shows the theoretical large-N prediction given by (38).
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p
µ+ 1

⇡
p
x

+O(x1/2) ;x ! 0+ %H(x) ⇠
p
x1 � x ;x ! x1�
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”see” many segment together like one piece of averaged
lengths/masses/charges?*** At the edge of the spectrum,
the density of the disordered system vanishes for all three
cases. The previous discontinuities disappear since av-
eraging over random samples has a similar e↵ect as a
convolution with a mollifier.

Beside the spectrum we also have analyzed the eigen-
vectors of HHH. In the constant model we have found that
the states are extended for small frequencies and become
more and more localized towards the right edge of the
spectrum. In the disordered system there exists extended
states while most states are localized. ***anything else
to say about localization / eigenvectors? ***END NEW
TEXT***

*** The resulting matricesMMM andKKK are full and rather
complicated functions of the 3N parameters entering the
problem. Such a system clearly lends itself to analysis in
terms of random matrices. ***

The methods tailored for disordered chains or
crystals13–15 are inapplicable for determining the average
phonon (or vibrational) spectra of systems described by
full random matrices MMM and KKK. This requires a di↵erent
approach:

Since there is no reason to expect any statistical cor-
relation between these two matrices, we shall draw them
from two independent probability ensembles. The matrix
elements of both MMM and KKK cannot be distributed inde-
pendently. The elements of each matrix are correlated
by the fact that these matrices are positive. By defini-
tion, these matrices are also real. The least biased way
to fulfil these constraints is to take these matrices to be
of Wishart form CCC

T
CCC, with CCC an N ⇥ N real Ginibre

matrix16. We shall however henceforth relax the con-
straint that MMM and KKK be real, and take them to be posi-
tive hermitian, with CCC drawn from the complex Ginibre
probability ensemble

P�(CCC) =
1

Z
e
� N

�2 TrCCC†
CCC
, (12)

with the variance tuned such that the eigenvalues of CCC
are spread uniformly in a disk of finite radius � in the
complex plane, as N tends to infinity. Here Z is a no-
ramlization factor, and expectation values are given by

hF (CCC,CCC
†)i� =

ˆ 2

4
NY

i,j=1

dReCij dImCij

3

5 P�(CCC)F (CCC,CCC
†)

(13)
Thus, we form two such independent complex Ginibre
ensembles, one for KKK = CCC

†
1CCC1 with variance �

2
K
, and

another forMMM = CCC
†
2CCC2+m0 with variance �2

M
. The pos-

itive shift parameter m0 ensures that MMM � m0 is strictly
positive with probability one, as it should be.

Such a generalization from real into complex matrices
should not change the vibration spectrum in the thermo-
dynamic limit. We have verified this expectation numer-
ically: The di↵erence between real and hermitian ma-
trices amounts only to small finite-N corrections at the

high frequency band-edge, which vanish as N tends to
infinity (see Fig. 2). Of course, a more detailed inves-
tigation of the spectral statistics of such systems, such
as studying level-spacings, will depend on whether one
is studying real or complex matrices. In this paper we
focus exclusively on the average spectrum in the thermo-
dynamic limit, which is not a↵ected by taking MMM and KKK

to be complex hermitian. Issues of more detailed spectral
statistics of such systems is an open problem.

By making this innocuous generalization to complex
Ginibre matrices, we can straightforwardly bring tech-
niques of free probability theory17,18 to bear, and use
them to obtain the average spectrum analytically. An-
other advantage of this generalization renders our results
directly applicable also to the oscillation spectrum of
large complex LC electrical circuits.

Having defined the probability ensembles forMMM andKKK,
we draw a pair of such matrices from their corresponding
ensembles and compute the random matrixHHH =MMM

�1
KKK,

in accordance with (3).

Our objective is to calculate the resolvent

GHHH(z;m0,�M ,�K) =
D 1

N
Tr

1

z �MMM�1KKK

E

�M ,�K

(14)

of HHH =
⇣
CCC

†
2CCC2 +m0

⌘�1
CCC

†
1CCC1, averaged over P�K (CCC1)

and P�M (CCC2) in (12), according to (13), in the large-N
limit. We can then obtain the desired averaged density
of eigenvalues

%HHH(!2) =
D 1

N
Tr �

�
!
2 �HHH

� E

�M ,�K

(15)
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FIG. 2: Histogram envelope curve showing the density of
eigenvalues %HHH(!2) of the mechanical system for complex ma-
trices with N = 64 (blue) and N = 1024 (purple) and for real
matrices with N = 64 (red) and N = 1024 (yellow), cal-
culated from 2 ⇥ 107 samples (N = 64) and 50000 samples
(N = 1024). The parameters of the system are m0 = 0.5,
�M = �K = 1. The dashed black line shows the theoretical
large N prediction for complex matrices given by (38). The
inset here (and in all figures below) shows a magnification of
the edge behavior for the same data.

%H(x) known explicitly as well (see next slide)
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Figure 2: Real part of the solutions � given outside of [0, x1] by (12) (green),
(13) (gray), (14) (yellow) and on (0, x1) by (17) (blue) and (20) (red). Pa-
rameters are µ = 1, � = �0 = 1.

given by

P o
1 (x) = �

1

3x(x+ 1)

✓
�x(µx+ µ+ 2) +

(⇠� + ��)1/3 + (⇠� � ��)1/3

21/3

◆
,

(12)

P o
2 (x) = �

1

3x(x+ 1)

 
�x(µx+ µ+ 2) +

(�1+
p
3i

2 )(⇠� + ��)1/3 + (�1�
p
3i

2 )(⇠� � ��)1/3

21/3

!
,

(13)

P o
3 (x) = �

1

3x(x+ 1)

 
�x(µx+ µ+ 2) +

(�1�
p
3i

2 )(⇠� + ��)1/3 + (�1+
p
3i

2 )(⇠� � ��)1/3

21/3

!
,

(14)

where

⇠� = ⇠�(x) = �x2[2µ3x4 + 6µ2(µ� 1)x3 + 3µ(2µ2
� 7µ+ 2)x2

+ 2(µ3
� 12µ2 + 3µ� 1)x� 9(µ2 + 2)] (15)

�� = ��(x) = x(x+ 1)
p
�27��(x) (16)

�� 2 iR for x /2 [0, x0].
Note that P o

1 has a pole at �1 and it behaves like (µ+ 1)|x|�1/2 when x
approaches zero (from below) and like z�1 at infinity. at infinity P o

2 goes to

3

a non-zero constant amd P o
3 behaves like z�1. In the limit when x goes to

x1, i.e. when �� goes to zero, we have that P o
2 (x) = P o

3 (x) 6= P o
1 (x). P o

3 is
the solution which corresponds to the physical one.

The only real solution on the interval (0, x1) is given by

P i
1(x) = �

1

3x(x+ 1)

✓
�x(µx+ µ+ 2) + sign(⇠�)

(|⇠�|+ ��)1/3 + sign(��)||⇠�|� ��|1/3

21/3

◆
,

(17)
where

�� = ��(x) = x
�
µ2x3 + 2µ(µ� 1)x2 + (µ2

� 5µ+ 1)x� 3(µ+ 1)
�
. (18)

On (0, x1) it looks like ⇠� is always positive, independent of µ > 0. Then the
expression could be simplified as sign(⇠�) = 1 and |⇠�| = ⇠�. But I have not
proved that.

At zero P i
1 goes to µ/(µ+ 1) and at x1 it connects with P o

1 .

1.2 Q(x) 6= 0

The solutions of (1) on the real line that we have not discussed so far, are
the complex ones when x 2 (0, x1). Plugging equation (4) into (2) gives a
cubic equation for P ,

�8(x2 + x)P 3 + 8x(µx+ µ+ 2)P 2
�

2(µx+ µ+ 1)(µx2 + µx+ 5x+ 1)

x+ 1
P

+
µ(µx+ µ+ 2)(2x+ 1) + 2

x+ 1
= 0.(19)

On (0, x1) this equation has only one real solution, given by

P i
2,3(x) =

1

3x(x+ 1)

✓
x(µx+ µ+ 2) + sign(⇠�)

(|⇠�|+ ��)1/3 + sign(��)||⇠�|� ��|1/3

2 · 21/3

◆
.

(20)
Then Q is given by (4) and can be simplified (see Appendix A) to

Qi
2,3(x) = ⌥

1
p
3x(x+ 1)

✓
(|⇠�|+ ��)1/3 � sign(��)||⇠�|� ��|1/3

2 · 21/3

◆
. (21)

Remark: I have numerically checked that formula (21) agrees on (0, x1)
with the result obtained by using matlab to directly solving (1) and taking
the solution with the largest imaginary part. The di↵erence occurring from
numerical precision was about 10�9.

4

1.3 Result for the Density

Since outside of (0, x1) we only have real solutions, the support of the density
of eigenvalues must be on (0, x1). And the complex solution with positive
imaginary part is the one that corresponds to the physical solution we are
looking for. We find that the density is zero outside of [0, x1] and on the
latter interval it is given by

⇢(x) =
Q(x)

⇡
=

1
p
3x(x+ 1)⇡

✓
(|⇠�|+ ��)1/3 � sign(��)||⇠�|� ��|1/3

2 · 21/3

◆
.

(22)
⇠�, �� and �� are defined in (15), (16) and (18).

Alternatively we can write the density an its support as

⇢(x) =
1

2
p
3x(x+ 1)⇡

✓
(⇠� + ��)1/3

21/3
�

21/3��

(⇠� + ��)1/3

◆
. (23)

At zero it behaves like

⇢(x) =

p
µ+ 1

⇡
p
x

+O(x1/2), (24)

and at x1 the behavior is

⇢(x) = O((x� x1)
1/2). (25)

2 Plots

2.1 Wishart ensemble

Let C be N ⇥N complex matrices from the Ginibre ensemble, i.e. with the
probability distribution

P (C) =
1

ZN
e�N/�2 tr(C†C), (26)

where ZN is the normalization constant and � is the variance.
Then K = C†C are Wishart matrices and the density of eigenvalues is

given by the Marchenko-Pastur distribution,

⇢MP(x) =

(
1

2⇡�2

q
4�2�x

x , 0 < x < 4�2,

0, else.
(27)

The density is shown in Figure 3.
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Convergence to the Marchenko-Pastur distribution in the limit µ ! 1

m0 � �2
M ; M ⇠ m011

8

To this end we studied the rescaled density

%
edge
HHH,N

(⌘) = rN
1/3

%
num
HHH,N

(x1 + rN
�2/3

⌘), (39)

where r = r(µ) is an N -independent parameter. This
%
edge
HHH,N

seems to converge uniformly to the diagonal part
of the Airy kernel,

⇢
Airy(⌘) = (Ai0(⌘))2�Ai00(⌘)Ai(⌘) = (Ai0(⌘))2�⌘(Ai(⌘))2.

(40)

E. Eigenvectors and their Participation Ratio

Consider the normalized eigenvectorAAA(!2) ofHHH in (2),
corresponding to eigenvalue !2 with components A`. The
(normalized) participation ratio

23 is the function of !2

p(!2) =
1

N

D 1
P

N

`=1 |A`(!2)|4
E

�M ,�K

. (41)

It is a measure of the fraction (out of N) of degrees of
freedom of the system that are e↵ectively involved in a
given state of vibration. We have computed numerically
the participation ratios for the complex and real matrix
models.

Our numerical results (see Fig. 9) show that these par-
ticipation ratios are independent of the eigenvalue !2 and
converge to constants as N increases. This means that in
both models all states are extended. That is, in all vibra-
tional modes, essentially all degrees of freedom oscillate
with amplitudes of the same order of magnitude. Vi-
bration eigenmodes tend to be collective throughout the
frequency band, contrary to vibrations of protein macro-
molecues discussed in Section ***** Moreover, these con-
stant values seem to be universal (for various values of µ)
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(close to the yellow line) shows the Marchenko-Pastur distri-
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and approach (for large N) the value of 0.50 in the com-
plex case and 0.33 for the real model. Interestingly, these
numerical results coincide, respectively, with the partic-
ipation ratios of the canonical GUE and GOE (even for
low N). In the large N limit it is straightforward to
compute the GUE and GOE participation ratios from
the Porter-Thomas probability distributions24 for eigen-
vector components upon neglecting correlations between
eigenvector components. In hindsight, this coincidence
with GUE and GOE is perhaps not surprising and hints
at a broader universality of our results.

III. THE LIOUVILLIAN AND DIAGRAMMATIC
DERIVATION OF S-TRANSFORMS

Derivation of the S-transform formula for multiplying
statistically independent hermitian random matrices by
means of large-N planar diagrams was given in25. The
idea is simple and elegant: Let AAA and BBB be two N ⇥ N

statistically independent random matrices. In order to
calculate the averaged resolvent of ABABAB one should study
the resolvent of the doubled-size matrix

QQQ =

✓
000 AAA

BBB 000

◆
, (42)

because the upper diagonal block of this resolvent
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=
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◆
(43)

is essentially the desired resolvent of ABABAB. By expand-
ing the left-hand-side of (43) in inverse powers of w and
averaging over the appropriate powers of QQQ, we obtain
the diagrammatic expansion of (43). In the large-N limit
only planar diagrams survive, in which lines cannot cross.
From this fact, and from the block structure of QQQ and its
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(purple) and N = 8192 (yellow). The parameters of the com-
plex model are µ = 0.1, �M = �K = 1 (!2

0 = 1). The dashed
black line shows the theoretical large-N prediction given by
(38).
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which is manifestly negative for all µ > 0, meaning p3(x)
has only one real root

x1 =
1

3µ3(µ+ 4)

⇣
� 2µ2(µ2 + 2µ� 6)

+
(⇠1 +

p
�1)1/3 + (⇠1 �

p
�1)1/3

21/3

⌘
, (37)

with

⇠1 = 2µ7(µ5 + 24µ4 + 264µ3 + 1574µ2 + 4806µ+ 5832),

�1 = 432µ14(µ+ 4)2(µ2 + 10µ+ 27)3.

It can be shown that x1 is positive. Thus for positive µ,
��(x) is negative only along the interval (0, x1), and this
is where (34) has a pair of complex-conjugate roots. This
interval is therefore the desired support of %HHH(x). This
support is purely positive as it should be, due to positiv-
ity of the matrix HHH. The endpoint x1 as a function of µ
is plotted in Fig. 4. We see that x1(µ) is a monotonically
decreasing function, which should be expected physically
because !

2 ⇠MMM
�1

KKK ⇠ 1/µ.
Picking that root of the cubic (34) which has positive

imaginary part along [0, x1] we thus find

%HHH(x) =
1

2
p
3x(x+ 1)⇡

✓
(⇠� + ��)1/3

21/3
� 21/3��

(⇠� + ��)1/3

◆
,

(38)
where

⇠� = �x
2[2µ3

x
4 + 6µ2(µ� 1)x3 + 3µ(2µ2 � 7µ+ 2)x2

+ 2(µ3 � 12µ2 + 3µ� 1)x� 9(µ2 + 2)],

�� = x(x+ 1)
p

�27��(x),

�� = µ
2
x
4 + 2µ(µ� 1)x3 + (µ2� 5µ+ 1)x2 � 3(µ+ 1)x.

%HHH(x) diverges at the origin like the inverse of a square
root and vanishes at x1 like a square root (with known
coe�cients).

Let %
num
HHH,N

(x) denote the finite N averaged density of
the mechanical system from numerical simulations. It is
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FIG. 4: The density of eigenvalues %HHH(!2) is supported along
the interval 0  !

2  x1. The graph shows the right endpoint
x1 (in rescaled coordinates) given by (37) as a function of µ.

described by the curves in the following plots. They are
the envelope curves gleaned from histograms with very
narrow bins. These curves for %

num
HHH,N

(x) are in excellent
agreement with the analytical expression for %HHH in (38)
when N is large. In Fig. 5 we show a histogram from one
sample which demonstrates self-averaging of the eigen-
value density of large matrices. In Fig. 6 we display %

num
HHH,N

obtained by averaging over a million samples, and com-
pare it to %HHH , for various values of the parameter �M .
Note that in the limit 1/µ ! 0, %num

HHH,N
(x) converges to

the Marchenko-Pastur density (dotted line in Fig. 6) as
should be expected, because in this limit the matrix MMM

becomes deterministic and proportional to the unit ma-
trix. In the opposite limit of large �M (or equivalently
µ ! 0), the density looks qualitatively di↵erent from the
Marchenko-Pastur profile. In fact, at µ = 0, (34) reduces
to a quadratic equation.

D. Universal Edge Behavior of the Density

In Fig. 7 we show numerical results for the density, with
a fixed choice of parameters and for various values of N .
Convergence of the numerical results to the theoretical
large-N curve in the bulk is rapid, whereas convergence
close to the high frequency (soft) edge is non-uniform,
with visible finite-N corrections. The model with com-
plex matrices clearly exhibits oscillatory behavior (see
Fig. 7) towards the high frequency edge, as in the canon-
ical GUE case. On the other hand, the model with real
matrices has non-oscillatory edge behavior, like in the
GOE case (as can be seen in Fig. 2). Referring back to
the complex case, we expect its edge behavior to be in
the Airy universality class, because in the large-N limit
the density vanishes at the edge like

p
x1 � x. We veri-

fied this expectation numerically as can be seen in Fig. 8.
To this end we studied the rescaled density

%
edge
HHH,N

(⌘) = rN
1/3

%
num
HHH,N

(x1 + rN
�2/3

⌘), (39)
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FIG. 5: Histogram of a simulation of %
num
HHH,N (!2) using one

sample with N = 65536, µ = 0.01,�M = �K = 1. The red
line shows the theoretical large-N prediction given by (38).
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with

⇠1 = 2µ7(µ5 + 24µ4 + 264µ3 + 1574µ2 + 4806µ+ 5832),

�1 = 432µ14(µ+ 4)2(µ2 + 10µ+ 27)3.

It can be shown that x1 is positive. Thus for positive µ,
��(x) is negative only along the interval (0, x1), and this
is where (34) has a pair of complex-conjugate roots. This
interval is therefore the desired support of %HHH(x). This
support is purely positive as it should be, due to positiv-
ity of the matrix HHH. The endpoint x1 as a function of µ
is plotted in Fig. 4. We see that x1(µ) is a monotonically
decreasing function, which should be expected physically
because !
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imaginary part along [0, x1] we thus find
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�27��(x),

�� = µ
2
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4 + 2µ(µ� 1)x3 + (µ2� 5µ+ 1)x2 � 3(µ+ 1)x.

%HHH(x) diverges at the origin like the inverse of a square
root and vanishes at x1 like a square root (with known
coe�cients).

Let %
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(x) denote the finite N averaged density of
the mechanical system from numerical simulations. It is
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described by the curves in the following plots. They are
the envelope curves gleaned from histograms with very
narrow bins. These curves for %

num
HHH,N

(x) are in excellent
agreement with the analytical expression for %HHH in (38)
when N is large. In Fig. 5 we show a histogram from one
sample which demonstrates self-averaging of the eigen-
value density of large matrices. In Fig. 6 we display %

num
HHH,N

obtained by averaging over a million samples, and com-
pare it to %HHH , for various values of the parameter �M .
Note that in the limit 1/µ ! 0, %num

HHH,N
(x) converges to

the Marchenko-Pastur density (dotted line in Fig. 6) as
should be expected, because in this limit the matrix MMM

becomes deterministic and proportional to the unit ma-
trix. In the opposite limit of large �M (or equivalently
µ ! 0), the density looks qualitatively di↵erent from the
Marchenko-Pastur profile. In fact, at µ = 0, (34) reduces
to a quadratic equation.

D. Universal Edge Behavior of the Density

In Fig. 7 we show numerical results for the density, with
a fixed choice of parameters and for various values of N .
Convergence of the numerical results to the theoretical
large-N curve in the bulk is rapid, whereas convergence
close to the high frequency (soft) edge is non-uniform,
with visible finite-N corrections. The model with com-
plex matrices clearly exhibits oscillatory behavior (see
Fig. 7) towards the high frequency edge, as in the canon-
ical GUE case. On the other hand, the model with real
matrices has non-oscillatory edge behavior, like in the
GOE case (as can be seen in Fig. 2). Referring back to
the complex case, we expect its edge behavior to be in
the Airy universality class, because in the large-N limit
the density vanishes at the edge like

p
x1 � x. We veri-

fied this expectation numerically as can be seen in Fig. 8.
To this end we studied the rescaled density
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HHH,N
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1/3

%
num
HHH,N

(x1 + rN
�2/3

⌘), (39)
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line shows the theoretical large-N prediction given by (38).
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where r = r(µ) is an N -independent parameter. This
%
edge
HHH,N

seems to converge uniformly to the diagonal part
of the Airy kernel,

⇢
Airy(⌘) = (Ai0(⌘))2�Ai00(⌘)Ai(⌘) = (Ai0(⌘))2�⌘(Ai(⌘))2.

(40)

E. Eigenvectors and their Participation Ratio

Consider the normalized eigenvectorAAA(!2) ofHHH in (2),
corresponding to eigenvalue !2 with components A`. The
(normalized) participation ratio

21 is the function of !2

p(!2) =
1

N

D 1
P

N

`=1 |A`(!2)|4
E

�M ,�K

. (41)

It is a measure of the fraction (out of N) of degrees of
freedom of the system that are e↵ectively involved in a
given state of vibration. We have computed numerically
the participation ratios for the complex and real matrix
models.

Our numerical results (see Fig. 9) show that these par-
ticipation ratios are independent of the eigenvalue !2 and
converge to constants as N increases. This means that in
both models all states are extended. That is, in all vibra-
tional modes, essentially all degrees of freedom oscillate
with amplitudes of the same order of magnitude. Vi-
bration eigenmodes tend to be collective throughout the
frequency band, contrary to vibrations of protein macro-
molecues discussed in Section ***** Moreover, these con-
stant values seem to be universal (for various values of µ)
and approach (for large N) the value of 0.50 in the com-
plex case and 0.33 for the real model. Interestingly, these
numerical results coincide, respectively, with the partic-
ipation ratios of the canonical GUE and GOE (even for
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FIG. 6: Plot of the density of eigenvalues %
num
HHH,N (!2) from a

simulation using 106 samples for the fixed parameters N =
128, �K = 1, and m0 = 1, for various values of �M , in or-
der of increasing endpoints x1: 500 (brown), 100 (cyan), 10
(green), 2 (purple), 1 (red), 0.5 (blue) and 0.1 (yellow). The
corresponding dashed black lines show the theoretical large-N
prediction given by (38). The dotted line (close to the yellow
line) shows the Marchenko-Pastur distribution.

low N). In the large N limit it is straightforward to
compute the GUE and GOE participation ratios from
the Porter-Thomas probability distributions22 for eigen-
vector components upon neglecting correlations between
eigenvector components. In hindsight, this coincidence
with GUE and GOE is perhaps not surprising and hints
at a broader universality of our results.

III. THE LIOUVILLIAN AND DIAGRAMMATIC
DERIVATION OF S-TRANSFORMS

Derivation of the S-transform formula for multiplying
statistically independent hermitian random matrices by
means of large-N planar diagrams was given in23. The
idea is simple and elegant: Let AAA and BBB be two N ⇥ N

statistically independent random matrices. In order to
calculate the averaged resolvent of ABABAB one should study
the resolvent of the doubled-size matrix

QQQ =

✓
000 AAA

BBB 000

◆
, (42)

because the upper diagonal block of this resolvent

1

w �QQQ
=

✓
w

w2�ABABAB

1
w2�ABABAB

AAA

1
w2�BABABA

BBB
w

w2�BABABA

◆
(43)

is essentially the desired resolvent of ABABAB. By expand-
ing the left-hand-side of (43) in inverse powers of w and
averaging over the appropriate powers of QQQ, we obtain
the diagrammatic expansion of (43). In the large-N limit
only planar diagrams survive, in which lines cannot cross.
From this fact, and from the block structure of QQQ and its
powers, one can prove the S-transform product formula
by consistently resumming planar diagrams.
We should comment that a tacit assumption made by

the authors of23 is that the spectra of ABABAB and BABABA are
real, because the perturbative expansion in powers of
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FIG. 7: Curves from histograms of the density of eigenval-
ues %

num
HHH,N (!2) from simulation using millions of samples with

N = 32 (green), N = 128 (red), N = 512 (blue), N = 2048
(purple) and N = 8192 (yellow). The parameters of the com-
plex model are µ = 0.1, �M = �K = 1. The dashed black line
shows the theoretical large-N prediction given by (38).
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w
�1 assumes analyticity of all the resolvents involved

o↵ the real axis. This means that ABABAB should be quasi-

hermitian
? . Thus, at least one of the matrices should

be positive definite (to serve as the non-trivial metric -
see (11)). This observation should be kept in mind when
reading23. Diagrammatic derivation of the multiplica-
tion formula under the assumption that at least one of
the matrices is positive (but not necessarily both) is a bit
stronger than conventional free multiplication. The latter
assumes both AAA and BBB are positive definite - a condition
which guarantees commutativity of free multiplication.
If neither of these matrices is positive definite, one has to
double (42) and use the chiral 4N ⇥ 4N hermitized form
of QQQ, that is,

Q̃̃Q̃Q =

✓
000 QQQ

QQQ
† 000

◆
(44)

in order to compute the resolvent of ABABAB by means of
planar diagrams24.

We shall now give a very basic physical interpretation
of the trick of using (42) for diagrammatic derivation of
the multiplication formula: The hamiltonian governing
small oscillations in our system is

H =
1

2
pT

1

MMM
p+

1

2
xT

KKKx , (45)

leading to the equations of motion

ẋ =
@H

@p
=MMM

�1p

ṗ = �@H

@x
= �KKKx , (46)

which are equivalent, of course, to (1). We can rewrite
(46) as

d

dt

✓
x
p

◆
= LLL

✓
x
p

◆
, (47)
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FIG. 8: Plot of the density of eigenvalues %
edge
HHH,N

(⌘) near the
edge from a simulation of the mechanical model with complex
matrices. The parameters and colors are as in Fig. 7. The
dashed line shows ⇢

Airy given in (40) and is the expected
universal behavior at the edge. The parameter r in (39) has
been chosen as r ⇡ 19.7 to give good matching.

where the constant matrix

L =

✓
000 MMM

�1

�KKK 000

◆
, (48)

is the Liouvillian of our system. Thus, the solution of
(47) is

✓
x(t)
p(t)

◆
= e

LLLt

✓
x(0)
p(0)

◆
. (49)

Note that this hamiltonian time evolution preserves
phase-space volume, @(x(t),p(t))

@(x(0),p(0)) = det eLLLt = e
trLLL = 1,

in accordance with Liouville’s theorem.
If the initial conditions in (49) coincide with one of the

normal modes of the system with frequency !, clearly

✓
x(t)
p(t)

◆
= e

i!t

✓
x(0)
p(0)

◆
.

Thus, the corresponding eigenvalue of LLL is i!. Another
way to see this is to note that

LLL
2 = �

✓
HHH 000
000 HHH

†

◆
(50)

and recall from (4) that HHH and HHH
† are similar to each

other and have eigenvalues !2.
The Laplace transform of (49) involves the resolvent

of LLL. We readily obtain

1

w �LLL
=

✓
w

w2+MMM�1KKK
MMM

�1 1
w2+KKKMMM�1

�KKK
1

w2+MMM�1KKK

w

w2+KKKMMM�1

◆

=

✓
w

w2+HHH
MMM

�1 1
w2+HHH†

�KKK
1

w2+HHH

w

w2+HHH†

◆
. (51)
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where r = r(µ) is an N -independent parameter. This
%
edge
HHH,N

seems to converge uniformly to the diagonal part
of the Airy kernel,

⇢
Airy(⌘) = (Ai0(⌘))2�Ai00(⌘)Ai(⌘) = (Ai0(⌘))2�⌘(Ai(⌘))2.

(40)

E. Eigenvectors and their Participation Ratio

Consider the normalized eigenvectorAAA(!2) ofHHH in (2),
corresponding to eigenvalue !2 with components A`. The
(normalized) participation ratio

21 is the function of !2

p(!2) =
1

N

D 1
P

N

`=1 |A`(!2)|4
E

�M ,�K

. (41)

It is a measure of the fraction (out of N) of degrees of
freedom of the system that are e↵ectively involved in a
given state of vibration. We have computed numerically
the participation ratios for the complex and real matrix
models.

Our numerical results (see Fig. 9) show that these par-
ticipation ratios are independent of the eigenvalue !2 and
converge to constants as N increases. This means that in
both models all states are extended. That is, in all vibra-
tional modes, essentially all degrees of freedom oscillate
with amplitudes of the same order of magnitude. Vi-
bration eigenmodes tend to be collective throughout the
frequency band, contrary to vibrations of protein macro-
molecues discussed in Section ***** Moreover, these con-
stant values seem to be universal (for various values of µ)
and approach (for large N) the value of 0.50 in the com-
plex case and 0.33 for the real model. Interestingly, these
numerical results coincide, respectively, with the partic-
ipation ratios of the canonical GUE and GOE (even for
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simulation using 106 samples for the fixed parameters N =
128, �K = 1, and m0 = 1, for various values of �M , in or-
der of increasing endpoints x1: 500 (brown), 100 (cyan), 10
(green), 2 (purple), 1 (red), 0.5 (blue) and 0.1 (yellow). The
corresponding dashed black lines show the theoretical large-N
prediction given by (38). The dotted line (close to the yellow
line) shows the Marchenko-Pastur distribution.

low N). In the large N limit it is straightforward to
compute the GUE and GOE participation ratios from
the Porter-Thomas probability distributions22 for eigen-
vector components upon neglecting correlations between
eigenvector components. In hindsight, this coincidence
with GUE and GOE is perhaps not surprising and hints
at a broader universality of our results.

III. THE LIOUVILLIAN AND DIAGRAMMATIC
DERIVATION OF S-TRANSFORMS

Derivation of the S-transform formula for multiplying
statistically independent hermitian random matrices by
means of large-N planar diagrams was given in23. The
idea is simple and elegant: Let AAA and BBB be two N ⇥ N

statistically independent random matrices. In order to
calculate the averaged resolvent of ABABAB one should study
the resolvent of the doubled-size matrix

QQQ =

✓
000 AAA

BBB 000

◆
, (42)

because the upper diagonal block of this resolvent

1
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=
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(43)

is essentially the desired resolvent of ABABAB. By expand-
ing the left-hand-side of (43) in inverse powers of w and
averaging over the appropriate powers of QQQ, we obtain
the diagrammatic expansion of (43). In the large-N limit
only planar diagrams survive, in which lines cannot cross.
From this fact, and from the block structure of QQQ and its
powers, one can prove the S-transform product formula
by consistently resumming planar diagrams.
We should comment that a tacit assumption made by

the authors of23 is that the spectra of ABABAB and BABABA are
real, because the perturbative expansion in powers of
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ues %
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N = 32 (green), N = 128 (red), N = 512 (blue), N = 2048
(purple) and N = 8192 (yellow). The parameters of the com-
plex model are µ = 0.1, �M = �K = 1. The dashed black line
shows the theoretical large-N prediction given by (38).
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Thomas-Porter distribution
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where r = r(µ) is an N -independent parameter. This
%
edge
HHH,N

seems to converge uniformly to the diagonal part
of the Airy kernel,

⇢
Airy(⌘) = (Ai0(⌘))2�Ai00(⌘)Ai(⌘) = (Ai0(⌘))2�⌘(Ai(⌘))2.

(40)

E. Eigenvectors and their Participation Ratio

Consider the normalized eigenvectorAAA(!2) ofHHH in (2),
corresponding to eigenvalue !2 with components A`. The
(normalized) participation ratio

21 is the function of !2

p(!2) =
1

N

D 1
P

N

`=1 |A`(!2)|4
E

�M ,�K

. (41)

It is a measure of the fraction (out of N) of degrees of
freedom of the system that are e↵ectively involved in a
given state of vibration. We have computed numerically
the participation ratios for the complex and real matrix
models.

Our numerical results (see Fig. 9) show that these par-
ticipation ratios are independent of the eigenvalue !2 and
converge to constants as N increases. This means that in
both models all states are extended. That is, in all vibra-
tional modes, essentially all degrees of freedom oscillate
with amplitudes of the same order of magnitude. Vi-
bration eigenmodes tend to be collective throughout the
frequency band, contrary to vibrations of protein macro-
molecues discussed in Section ***** Moreover, these con-
stant values seem to be universal (for various values of µ)
and approach (for large N) the value of 0.50 in the com-
plex case and 0.33 for the real model. Interestingly, these
numerical results coincide, respectively, with the partic-
ipation ratios of the canonical GUE and GOE (even for
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FIG. 6: Plot of the density of eigenvalues %
num
HHH,N (!2) from a

simulation using 106 samples for the fixed parameters N =
128, �K = 1, and m0 = 1, for various values of �M , in or-
der of increasing endpoints x1: 500 (brown), 100 (cyan), 10
(green), 2 (purple), 1 (red), 0.5 (blue) and 0.1 (yellow). The
corresponding dashed black lines show the theoretical large-N
prediction given by (38). The dotted line (close to the yellow
line) shows the Marchenko-Pastur distribution.

low N). In the large N limit it is straightforward to
compute the GUE and GOE participation ratios from
the Porter-Thomas probability distributions22 for eigen-
vector components upon neglecting correlations between
eigenvector components. In hindsight, this coincidence
with GUE and GOE is perhaps not surprising and hints
at a broader universality of our results.

III. THE LIOUVILLIAN AND DIAGRAMMATIC
DERIVATION OF S-TRANSFORMS

Derivation of the S-transform formula for multiplying
statistically independent hermitian random matrices by
means of large-N planar diagrams was given in23. The
idea is simple and elegant: Let AAA and BBB be two N ⇥ N

statistically independent random matrices. In order to
calculate the averaged resolvent of ABABAB one should study
the resolvent of the doubled-size matrix

QQQ =

✓
000 AAA

BBB 000

◆
, (42)

because the upper diagonal block of this resolvent

1

w �QQQ
=

✓
w

w2�ABABAB

1
w2�ABABAB

AAA

1
w2�BABABA

BBB
w

w2�BABABA

◆
(43)

is essentially the desired resolvent of ABABAB. By expand-
ing the left-hand-side of (43) in inverse powers of w and
averaging over the appropriate powers of QQQ, we obtain
the diagrammatic expansion of (43). In the large-N limit
only planar diagrams survive, in which lines cannot cross.
From this fact, and from the block structure of QQQ and its
powers, one can prove the S-transform product formula
by consistently resumming planar diagrams.
We should comment that a tacit assumption made by

the authors of23 is that the spectra of ABABAB and BABABA are
real, because the perturbative expansion in powers of
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FIG. 7: Curves from histograms of the density of eigenval-
ues %

num
HHH,N (!2) from simulation using millions of samples with

N = 32 (green), N = 128 (red), N = 512 (blue), N = 2048
(purple) and N = 8192 (yellow). The parameters of the com-
plex model are µ = 0.1, �M = �K = 1. The dashed black line
shows the theoretical large-N prediction given by (38).
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w
�1 assumes analyticity of all the resolvents involved

o↵ the real axis. This means that ABABAB should be quasi-

hermitian
? . Thus, at least one of the matrices should

be positive definite (to serve as the non-trivial metric -
see (11)). This observation should be kept in mind when
reading23. Diagrammatic derivation of the multiplica-
tion formula under the assumption that at least one of
the matrices is positive (but not necessarily both) is a bit
stronger than conventional free multiplication. The latter
assumes both AAA and BBB are positive definite - a condition
which guarantees commutativity of free multiplication.
If neither of these matrices is positive definite, one has to
double (42) and use the chiral 4N ⇥ 4N hermitized form
of QQQ, that is,

Q̃̃Q̃Q =

✓
000 QQQ

QQQ
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◆
(44)

in order to compute the resolvent of ABABAB by means of
planar diagrams24.
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of the trick of using (42) for diagrammatic derivation of
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MMM
p+
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2
xT

KKKx , (45)
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@H
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=MMM

�1p

ṗ = �@H

@x
= �KKKx , (46)
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(46) as

d

dt

✓
x
p

◆
= LLL

✓
x
p

◆
, (47)
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◆
, (48)

is the Liouvillian of our system. Thus, the solution of
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✓
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p(0)

◆
. (49)
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◆
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of LLL. We readily obtain

1

w �LLL
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MMM

�1 1
w2+KKKMMM�1

�KKK
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w2+MMM�1KKK
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◆

=

✓
w
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�KKK
1
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◆
. (51)
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It is a measure of the fraction (out of N) of degrees of
freedom of the system that are e↵ectively involved in a
given state of vibration. We have computed numerically
the participation ratios for the complex and real matrix
models.

Our numerical results (see Fig. 9) show that these par-
ticipation ratios are independent of the eigenvalue !2 and
converge to constants as N increases. This means that in
both models all states are extended. That is, in all vibra-
tional modes, essentially all degrees of freedom oscillate
with amplitudes of the same order of magnitude. Vi-
bration eigenmodes tend to be collective throughout the
frequency band, contrary to vibrations of protein macro-
molecues discussed in Section ***** Moreover, these con-
stant values seem to be universal (for various values of µ)
and approach (for large N) the value of 0.50 in the com-
plex case and 0.33 for the real model. Interestingly, these
numerical results coincide, respectively, with the partic-
ipation ratios of the canonical GUE and GOE (even for
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corresponding dashed black lines show the theoretical large-N
prediction given by (38). The dotted line (close to the yellow
line) shows the Marchenko-Pastur distribution.
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the Porter-Thomas probability distributions22 for eigen-
vector components upon neglecting correlations between
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means of large-N planar diagrams was given in23. The
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is essentially the desired resolvent of ABABAB. By expand-
ing the left-hand-side of (43) in inverse powers of w and
averaging over the appropriate powers of QQQ, we obtain
the diagrammatic expansion of (43). In the large-N limit
only planar diagrams survive, in which lines cannot cross.
From this fact, and from the block structure of QQQ and its
powers, one can prove the S-transform product formula
by consistently resumming planar diagrams.
We should comment that a tacit assumption made by

the authors of23 is that the spectra of ABABAB and BABABA are
real, because the perturbative expansion in powers of
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a quantitative measure of eigenvector spatial localization

an extended (normalised) eigenvector spread over all N sites:

Al ⇠
1p
N

, p ⇠ 1

N

1

N · 1
N2

= 1

a localized (normalised) eigenvector spread over L sites:

Al ⇠
1p
L

on L sites and 0 elsewhere p ⇠ 1

N

1

L · 1
L2

=
L

N



%H(x) known explicitly as well

Worked out (numerically) the thermodyamics of phonons in the system in the usual way
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Let us now average (51) over P�K (CCC1) and P�M (CCC2) in
(12) and trace the four N ⇥N blocks. The desired resol-
vent GHHH is obtained from the upper diagonal block

w

D 1

N
Tr

1

w2 +HHH

E

�M ,�K

= �wGHHH(�w
2;m0,�M ,�K).

(52)
Thus, (42) can be thought of simply as the Liouvillian of
some linearized hamiltonian system.

IV. STATISTICAL MECHANICS OF PHONONS

Upon quantization, the normal modes of our system
amount to a collection of non-interacting quantum har-
monic oscillators. In a state of thermal equilibrium at
temperature T , the average energy tied with the oscilla-
tor with frequency ! is

Ē(!, T ) = ~!
✓
1

2
+

1

e�~! � 1

◆
, (53)

where � = 1
kBT

, and the bar indicates thermal averaging
with respect to the canonical density matrix

⇢̂ = 2 sinh

✓
�~!
2

◆ 1X

n=0

e
��~!(n+ 1

2 )|nihn| (54)

(written in the basis of oscillator energy eigenstates).
The total average thermal energy Ē(T ) of a given real-
ization of our system of non-interacting oscillators, with
eigenfrequencies !1,!2, . . . ,!N is simply the sum of con-
tributions of individual modes. Let

⇢̃(!) =
NX

↵=1

�(! � !↵) = 2!
NX

↵=1

�(!2 � !
2
↵
) (55)

be the density of modes (assuming ! > 0) in this realiza-
tion. Thus,

Ē(T ) =

1̂

0

Ē(!, T )⇢̃(!)d! . (56)

Finally, averaging over realizations in the random matrix
ensemble, we obtain the ensemble average total thermal
energy

D
Ē(T )

E

�M ,�K

= N

1̂

0

Ē(!, T )2!%HHH(!2)d! , (57)

where we used the second equality in (55) and (15). This
is, of course, an extensive quantity, proportional to N .
Thus, the ensemble-averaged energy density and corre-
sponding specific heat (per degree of freedom) are, re-

0 5 10 15 20 25 30 35 40 45 50
0

1

2

3

4

5

FIG. 10: Plot of the engergy density u(T ) given by (58)
against inverse temperature � (for ~ = 1). The parameters of
the model are �M = �K = 1 and µ = 10�4 (blue), µ = 0.1
(red) µ = 1 (yellow) and µ = 100 (purple).

spectively,

u(T ) =
1

N

D
Ē(T )

E

�M ,�K

= 2

1̂

0

Ē(!, T )!%HHH(!2)d!

cV (T ) =
@u(T )

@T
=

kB(�~)2
2

ˆ 1

0

!
3
%HHH(!2)

sinh2(�~!/2)
d!.

(58)

We have carried numerical integration of (58) over the
explicit expression for %HHH(!2) in Eq. (38), and compared
them to the results obtained by direct numerical aver-
aging over realizations of the random matrix ensembles.
The results are displayed in the Figs. 10 and 11 where
we have only plotted the curves obtained from integra-
tion of the theoretical density for complex matrices (the
relative errors compared to the other ones have been of
order 10�6 for complex matrices and of 10�3 for real
matrices). At large temperatures cV /kB goes to 1 (the
classical limit) while u(T ) goes to kBT (classical equipar-
tition). High temperature means that kBT � ~!max

where !max =
p
x1. As T ! 0 all oscillation modes be-

come frozen at their ground states with zero-point energy
(ZPE) ~!/2. Thus the zero temperature limit of u(T ) is
just the spectral sum over all ZPE up to exponentially
small corrections ⇠ e

��~!. Consequentially cV is expo-
nentially small and gets most of its contribution from
the low frequency part of the spectrum. ***For large µ

(see the purple plot in Fig. 11) as we discussed earlier the
spectral density tends to Marchenko-Pastur profile which
has significat spectral weight and therefore it decays very
slowly as a function of �.***
Summary. We have studied the vibration spectrum of

highly connected systems. To achieve this we have used
the S-transform from free probability theory. Inside the
bulk the density of eigenvalues agrees well with simula-
tions for finite N , but shows noticeable deviations at the
edge, as it is typical for the large N solution of the spec-
trum of random matrices. At the edge, numerics for the
complex model shows an accurate fit with the airy-kernel.
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Ē(T )

E

�M ,�K

= N

1̂

0
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nentially small and gets most of its contribution from
the low frequency part of the spectrum. ***For large µ

(see the purple plot in Fig. 11) as we discussed earlier the
spectral density tends to Marchenko-Pastur profile which
has significat spectral weight and therefore it decays very
slowly as a function of �.***
Summary. We have studied the vibration spectrum of

highly connected systems. To achieve this we have used
the S-transform from free probability theory. Inside the
bulk the density of eigenvalues agrees well with simula-
tions for finite N , but shows noticeable deviations at the
edge, as it is typical for the large N solution of the spec-
trum of random matrices. At the edge, numerics for the
complex model shows an accurate fit with the airy-kernel.
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Let us now average (51) over P�K (CCC1) and P�M (CCC2) in
(12) and trace the four N ⇥N blocks. The desired resol-
vent GHHH is obtained from the upper diagonal block

w

D 1

N
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w2 +HHH

E

�M ,�K

= �wGHHH(�w
2;m0,�M ,�K).

(52)
Thus, (42) can be thought of simply as the Liouvillian of
some linearized hamiltonian system.

IV. STATISTICAL MECHANICS OF PHONONS

Upon quantization, the normal modes of our system
amount to a collection of non-interacting quantum har-
monic oscillators. In a state of thermal equilibrium at
temperature T , the average energy tied with the oscilla-
tor with frequency ! is

Ē(!, T ) = ~!
✓
1

2
+

1

e�~! � 1

◆
, (53)

where � = 1
kBT

, and the bar indicates thermal averaging
with respect to the canonical density matrix
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✓
�~!
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◆ 1X

n=0

e
��~!(n+ 1

2 )|nihn| (54)

(written in the basis of oscillator energy eigenstates).
The total average thermal energy Ē(T ) of a given real-
ization of our system of non-interacting oscillators, with
eigenfrequencies !1,!2, . . . ,!N is simply the sum of con-
tributions of individual modes. Let

⇢̃(!) =
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↵=1

�(! � !↵) = 2!
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↵=1

�(!2 � !
2
↵
) (55)

be the density of modes (assuming ! > 0) in this realiza-
tion. Thus,

Ē(T ) =

1̂

0

Ē(!, T )⇢̃(!)d! . (56)

Finally, averaging over realizations in the random matrix
ensemble, we obtain the ensemble average total thermal
energy
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Ē(T )
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�M ,�K
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0

Ē(!, T )2!%HHH(!2)d! , (57)

where we used the second equality in (55) and (15). This
is, of course, an extensive quantity, proportional to N .
Thus, the ensemble-averaged energy density and corre-
sponding specific heat (per degree of freedom) are, re-

0 5 10 15 20 25 30 35 40 45 50
0

1

2

3

4

5

FIG. 10: Plot of the engergy density u(T ) given by (58)
against inverse temperature � (for ~ = 1). The parameters of
the model are �M = �K = 1 and µ = 10�4 (blue), µ = 0.1
(red) µ = 1 (yellow) and µ = 100 (purple).
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We have carried numerical integration of (58) over the
explicit expression for %HHH(!2) in Eq. (38), and compared
them to the results obtained by direct numerical aver-
aging over realizations of the random matrix ensembles.
The results are displayed in the Figs. 10 and 11 where
we have only plotted the curves obtained from integra-
tion of the theoretical density for complex matrices (the
relative errors compared to the other ones have been of
order 10�6 for complex matrices and of 10�3 for real
matrices). At large temperatures cV /kB goes to 1 (the
classical limit) while u(T ) goes to kBT (classical equipar-
tition). High temperature means that kBT � ~!max

where !max =
p
x1. As T ! 0 all oscillation modes be-

come frozen at their ground states with zero-point energy
(ZPE) ~!/2. Thus the zero temperature limit of u(T ) is
just the spectral sum over all ZPE up to exponentially
small corrections ⇠ e

��~!. Consequentially cV is expo-
nentially small and gets most of its contribution from
the low frequency part of the spectrum. ***For large µ

(see the purple plot in Fig. 11) as we discussed earlier the
spectral density tends to Marchenko-Pastur profile which
has significat spectral weight and therefore it decays very
slowly as a function of �.***
Summary. We have studied the vibration spectrum of

highly connected systems. To achieve this we have used
the S-transform from free probability theory. Inside the
bulk the density of eigenvalues agrees well with simula-
tions for finite N , but shows noticeable deviations at the
edge, as it is typical for the large N solution of the spec-
trum of random matrices. At the edge, numerics for the
complex model shows an accurate fit with the airy-kernel.



10

Let us now average (51) over P�K (CCC1) and P�M (CCC2) in
(12) and trace the four N ⇥N blocks. The desired resol-
vent GHHH is obtained from the upper diagonal block

w

D 1

N
Tr

1

w2 +HHH

E

�M ,�K

= �wGHHH(�w
2;m0,�M ,�K).

(52)
Thus, (42) can be thought of simply as the Liouvillian of
some linearized hamiltonian system.

IV. STATISTICAL MECHANICS OF PHONONS

Upon quantization, the normal modes of our system
amount to a collection of non-interacting quantum har-
monic oscillators. In a state of thermal equilibrium at
temperature T , the average energy tied with the oscilla-
tor with frequency ! is

Ē(!, T ) = ~!
✓
1

2
+

1

e�~! � 1

◆
, (53)

where � = 1
kBT

, and the bar indicates thermal averaging
with respect to the canonical density matrix

⇢̂ = 2 sinh

✓
�~!
2

◆ 1X

n=0

e
��~!(n+ 1

2 )|nihn| (54)

(written in the basis of oscillator energy eigenstates).
The total average thermal energy Ē(T ) of a given real-
ization of our system of non-interacting oscillators, with
eigenfrequencies !1,!2, . . . ,!N is simply the sum of con-
tributions of individual modes. Let

⇢̃(!) =
NX

↵=1

�(! � !↵) = 2!
NX

↵=1

�(!2 � !
2
↵
) (55)

be the density of modes (assuming ! > 0) in this realiza-
tion. Thus,
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(see the purple plot in Fig. 11) as we discussed earlier the
spectral density tends to Marchenko-Pastur profile which
has significat spectral weight and therefore it decays very
slowly as a function of �.***
Summary. We have studied the vibration spectrum of

highly connected systems. To achieve this we have used
the S-transform from free probability theory. Inside the
bulk the density of eigenvalues agrees well with simula-
tions for finite N , but shows noticeable deviations at the
edge, as it is typical for the large N solution of the spec-
trum of random matrices. At the edge, numerics for the
complex model shows an accurate fit with the airy-kernel.
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Analytic results are not accessible by our approach and
will need further investigation. Additional numerical re-
sults includes the participation ratio which showed that
there are no localized states. Analytically we comple-
mented the information about the system with results
for the energy density and specific heat. ***TODO Heat
flow through the system27.***
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RELATION TO LOW FREQUENCY VIBRATIONAL 
MODES OF GLOBULAR PROTEIN MACROMOLECULES?
these seem to exhibit universal density of low frequency collective modes 

%H(x) =

p
µ+ 1

⇡
p
x

+O(x1/2) ;x ! 0+%prot(x) ⇠
1p
x
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Protein Normal-mode Dynamics: Trypsin Inhibitor, 
Crambin, Ribonuclease and Lysozyme 

Michael Levitt, Christian Sander? and Peter S. Stern 
Chemical Physics Department 
Weizmann Institute of Science 

76100 Rehovot, Israel 

(Received 2 November 1983, and in revised form 25 September 1984) 

We have developed a new method for modelling protein dynamics using normal-mode 
analysis in internal co-ordinates. This method, normal-mode dynamics, is particularly well 
suited for modelling collective motion, makes possible direct visualization of biologically 
interesting modes, and is complementary to the more time-consuming simulation of 
molecular dynamics trajectories. 

The essential assumption and limitation of normal-mode analysis is that the molecular 
potential energy varies quadratically. Our study starts with energy minimization of the 
X-ray co-ordinates with respect to the single-bond torsion angles. The main technical task 
is the calculation of second derivative matrices of kinetic and potential energy with respect 
to the torsion angle co-ordinates. These enter into a generalized eigenvalue problem, and 
the final eigenvalues and eigenvectors provide a complete description of the motion in the 
basic 0.1 to 10 picosecond range. Thermodynamic averages of amplitudes, fluctuations and 
correlations can be &iculated efficiently using analytical formulae. 

The general method presented here is applied to four proteins, trypsin inhibitor, crambin, 
ribonuclease and lysozyme. When the resulting atomic motion is visualized by computer 
graphics, it is clear that the motion of each protein is collective with all atoms participating 
in each mode. The slow modes, with frequencies of below 10 cm-l (a period of 3 ps), are the 
most interesting in that the motion in these modes is segmental. The root-mean-square 
atomic fluctuations, which are dominated by a few slow modes, agree well with 
experimental temperature factors (B values). The normal-mode dynamics of these four 
proteins have many features in common, although in the larger molecules, lysozyme and 
ribonuclease, there is low frequency domain motion about the active site. 

1. Introduction 
Internal dynamics, especially collective motion, is 

important for protein function (see review by 
Huber & Bennett, 1983). By collective motion we 
mean a process in which a substantial part of the 
protein moves as a unit relative to other parts. A 
recent beautiful example provided by X-ray 
crystallography is citrate synthase (Remington et 
al., 1982; Chothia & Lesk, 1984). In each catalytic 
cycle, the large and small domain of the enzyme 
first close around the substrate for catalytic action, 
and then open a cleft between them for product 
release and the next round of substrate binding. A 
number of other proteins also have (at least) two 
different conformations in two functionally distinct 
states. The transition from one to the other must be 

7 Present address: Department of Biophysics, Max 
Planck Institute of Medical Research, Jahnstrasse 29, 
6900 Heidelberg, West Germany. 

a major mode of internal motion, i.e. there must be 
a low-energy pathway of collective motion 
connecting the two, made possible by the overall 
three-dimensional structure. Neither the stages 
along this pathway nor the time-scale of the 
transition have yet been observed experimentally. 
It is clear, however, that such processes, which 
involve the correlated motion of large masses, must 
be slower than vibrations involving only localized 
atomic motion. 

Experimental study of protein dynamics by 
spectroscopic observation of low-frequency vibra- 
tions has recently become possible (see review by 
Peticolas, 1979). For example, the neutron time- 
of-flight spectrum of lysozyme below 100 cm- ’ 
shows a broad peak at 75 cm- ’ and a shoulder at 
25 cm-l (Bartunik et al., 1982); a new Raman 
technique (Genzel et al., 1976) also gives peaks at 
these two frequencies. Similar Raman peaks are 
seen in a-chymotrypsin at about 29 cm- ’ (Brown et 
al., 1972) and in acid phosphatase at about 25, 50 
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Vibrational normal-mode spectrum of globular proteins

Daniel ben-Avraham*
Physics Department, Clarkson University, Potsdam, Xew York 13699-5820

(Received 7 December 1992)

Slow vibrational modes of proteins (in the 5-psec range) have been the focus of numerous recent stud-
ies. Nevertheless, no attempt has yet been made to ascertain the general properties of these vibrational
spectra. Comparing the spectra of several globular proteins, it is found that the density of states follows
a characteristic, universal curve, which reAects the main structural similarities between proteins. The
spectral (or fracton) dimension is d, =2: for the slower modes, the density of states increases linearly
with the frequency, as opposed to the regular increase with the square of the frequency, as in crystals.
This is relevant to the kinetics of the mechanical transport of signals in proteins and to the function of
proteins as catalysts.

Proteins play an important role in numerous biological
systems. Their three-dimensional structure is of primary
interest because it is mostly the structure that determines
the specific function of a protein. In recent years, there
has been an increasing interest in the dynamics of pro-
teins. Dynamical studies have increased our appreciation
of the importance of protein structure and have shed
some light on the central problem of molecular biology of
"protein folding". To date, the vibrational spectra of
several globular proteins have been analyzed. The focus
is on the slowest normal modes because of their relatively
larger level of activity. It is becoming apparent that the
slow modes, and not only the structure, are important to
the catalytic function of proteins.
Proteins are linear polymers assembled from about 20

amino acid monomers. The sequence of amino acids (pri-
mary structure) varies for different molecules. Indeed,
the distribution of amino acids among proteins is nearly
random. Sequences of amino acid residues fold into typi-
cal patterns (secondary structure), consisting mostly of
helical and sheetlike patterns, such as a helices and P
sheets. These secondary-structure elements bundle into
a roughly globular shape (tertiary structure) in a way
that is unique to each protein.
Globular proteins are among the most densely packed

organic molecules in nature, approaching the efficient
packing of atoms in crystals. One may naively expect
then, that their spectrum of vibrations would show the
same characteristics as solids. Furthermore, because of
the nearly random distribution of amino acids and of the
uniformity of secondary structure elements, there is, sta-
tistically speaking, a large degree of homogeneity be-
tween different proteins. Thus, the vibrational spectrum
ought to be essentially the same for all proteins.
The slow vibrations of proteins are chieAy studied

through theoretical techniques. The most straightfor-
ward method is a classical normal modes analysis, based
on a quadratic approximation of the potential energy of
the molecule. Other approximations are usually in-
volved, as, for example, assuming bond lengths to be
frozen and allowing only for changes in rotational angles.
The effect of these approximations has been explored.

Generally, they do not seem to affect the slow edge of the
vibrations spectrum. Indeed, one expects the slow, col-
lective vibrations to be determined by average interac-
tions within a mesoscopic length scale. Thus, microscop-
ic details may be suppressed to some extent.
In Fig. I, I have plotted g(co), the density of vibration-

al modes (number of modes per frequency range, divided
by the total number of modes) for crambin, BPTI, ri-
bonuclease I, and lysozyme, and for g actin. The size of
these proteins ranges from 39 amino acid residues (cram-
bin) to 375 residues (g actin), spanning one order of mag-
nitude. The data do seem to collapse into a universal
curve. This scaling reAects the statistical similarities
among diff'erent proteins (and, accordingly, deviations are
largest for the smallest protein, crambin).
The spectra shown here were derived through a classi-

cal normal modes analysis. The spectrum of some of
these proteins has been also derived independently by
others, using completely different approximations. ' As
stated above, few differences are found, and these occur
mainly at the farther edge of the spectrum. Thus, the
curve of Fig. 1 is a good approximation for small co. It is
Qawed for higher frequencies, where an analysis accurate
at the microscopic level is crucial. However, since the
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FIG. 1. Density of vibrational normal modes, g(co), of g ac-
tin (o) lysozyme (4), ribonuclease I (A ), BPTI (V), and cram-
bin () as a function of frequency.
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Small oscillations of the multi-segmented planar pendulum

A concrete example of a large stable mechanical systems  
with high connectivity:

m1, . . . ,mN

l1, . . . , lN

Q0, Q1, . . . , QN

masses

massless rigid rods

like� sign charges

Can take all these parameters or any part thereof as random 

x

y

Q0,m0

g

!1 "1

Q1,m1

!2 "2

Q2,m2

!3
"3

Q3,m3

!4 "4

Q4,m4

QN!1,mN!1

!N "N

QN ,mN



Full matrices M, K:

Mij = lilj

NX

k=max(i,j)

mk

3

A. Multi-Segmented Pendulum

As a concrete physical realization of the latter possibil-
ity, consider a multi-segmented pendulum with N rigid
(massless) segments of lengths l1, . . . lN and point masses
m1, . . .mN (the mass mk is attached to the frictionless
hinge connecting segments lk and lk+1), all (hinge or seg-
ments? point charges) of which are electrically charged
with like-sign (say, positive) charges. Let these posi-
tive charges be Q1, . . . QN . The first segment l1 is at-
tached to a hinge which is fixed to a mass m0 = 1
(wall) and carries a (positive) charge Q0. The whole
system is suspended in Earth’s gravity. (This system
may be a model for a charged polymer chain in a uni-
form external field.) Let us denote th angle of segment
lk towards the vertical by ✓k 2 [�⇡,⇡]. Clearly, the sta-
ble equilibrium state of the system occurs when all seg-
ments align vertically, i.e. when all ✓k = 0. We have
studied such a pendulum when it executes small oscil-
lations about this equilibrium, i.e. if all |✓k| ⌧ 1. For
small oscillations its Lagrangian is approximately de-
scribed by L = 1

2 ✓̇
T
MMM ✓̇ � g

2✓
T
KKK✓ � U0 where U0 is a

constant specifying the potential energy at the equilib-
rium, ✓ = (✓1, . . . ✓N )T and the matrix elements of MMM
and KKK are given by ***check***

Mij = lilj

NX

k=min(i,j)

mk, Kij = Uij + �ij li

NX

k=min(i,j)

mk,

Uij =

8
><

>:

�Ũij , if i 6= j,
NP

k=1
k 6=i

Ũik, if i = j,

Ũij = lilj

min(i,j)X

k=1

NX

l=max(i,j)

Qkl, Qij = Qi�1Qj

 
jX

k=i

lk

!�3

.

If all charges and masses are non-zero, MMM and KKK are
full matrices (the latter due to the long-range Coulomb
force), while in the pure gravitational model where Q0 =
Q1 = . . . = QN = 0 the matrix KKK is diagonal.

We start discussing the case when all lengths, masses
and charges are equal. As we want to have a system of
finite total length and mass when N ! 1, we introduce
the scaling lk ⇠ N

�1 and mk ⇠ N
�1. Since the diag-

onal elements Uii grow like logN , we have to scale the
charges like Qk ⇠ (N

p
logN)�1 to balance the potential

energy of the Coulomb interaction with the gravitational
energy. We have investigated such a system numerically.
The solid lines in Fig. 1 represent histogram envelopes
for the (normalized) density of states (eigenvalues of HHH)
as a function of !2

/N
2 for the cases when we consider

the mixed system with both Coulomb and gravitational
e↵ects, and Coulomb interaction or gravitational force
alone. As ! ! 0 the density in all three cases behaves
proportional to !

�1 with di↵erent coe�cients. The spec-
trum of the mixed system is noticeably larger due to the
combined Coulomb and gravitational forces acting on the

masses. While the density of states in the purely gravi-
tational model vanishes at the right edge of the spectrum
like a square root, it shows a discontinuity when Coulomb
interactions are involved. Discontinuous behavior of the
density can be found in other physical systems, for exam-
ple electrons in a perfect crystal, though this system is
quite di↵erent from the pendulum. Additionally we are
surprised to find that the density of the purely gravita-
tional system follows the Marchenko-Pastur distribution
even though there is no randomness.
Let us consider the continuum limit when ✓k becomes

a function ✓(s) of a real variable with 0  s  L where
L specifies the total length of the pendulum. *** What
to include about the result of the continuum limit? ***
For small frequencies one notices that the density of the
theoretical prediction for the continuum limit agrees well
with our former simulation with large N . For large !

the continuum limit can’t predict the behavior we have
found in the simulation. This is not astonishing since this
happens typically when the wavelength is comparable to
the size of the Brillouin cell *** correct? ***
Finally we want to discuss briefly the disordered model

when lengths lk, masses mk and charges qk become ran-
dom. The dotted lines in Fig. 1 represent the analo-
gous curves for the randomized model where we have
used probability distributions which have mean values
corresponding to the constant model. When ! ! 0, the
curves from the disordered model shows the same be-
havior as the constant model, while they start to de-
viate as the frequency grows. *** large wavelengths
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FIG. 1: Histogram envelope curve showing the density of
states (times N

2) for the multi-segmented pendulum as a
function of !2

/N
2. Solid lines show the case when all lengths,

masses and charges are equal, that’s to say lk = mk = 1/N
and Qk = Q0/(N

p
logN) with N = 16384, and Q0 = 1, g = 1

(red), Q0 = 0, g = 1 (yellow), Q0 = 1, g = 0 (blue). The
dotted lines in purple, green and cyan show the analogous
curves respectively when lengths, masses and charges become
random using a certain probability distribution with mean
values corresponding to the constant cases, and N = 1024?
averaged over 25000? samples. The dashed black line overly-
ing the yellow line shows the Marchenko-Pastur distribution.
The inset here (and in all figures below) shows a magnifica-
tion of the edge behavior for the same data. ***remove last
sentence below***

Note: sum of each row and each column of 
vanishes, due to translational invariance of Coulomb interactions

Uij

Kij = Uij + g�ij li

NX

k=i

mk
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We start discussing the case when all lengths, masses
and charges are equal. As we want to have a system of
finite total length and mass when N ! 1, we introduce
the scaling lk ⇠ N

�1 and mk ⇠ N
�1. Since the diag-

onal elements Uii grow like logN , we have to scale the
charges like Qk ⇠ (N

p
logN)�1 to balance the potential

energy of the Coulomb interaction with the gravitational
energy. We have investigated such a system numerically.
The solid lines in Fig. 1 represent histogram envelopes
for the (normalized) density of states (eigenvalues of HHH)
as a function of !2

/N
2 for the cases when we consider

the mixed system with both Coulomb and gravitational
e↵ects, and Coulomb interaction or gravitational force
alone. As ! ! 0 the density in all three cases behaves
proportional to !

�1 with di↵erent coe�cients. The spec-
trum of the mixed system is noticeably larger due to the
combined Coulomb and gravitational forces acting on the

masses. While the density of states in the purely gravi-
tational model vanishes at the right edge of the spectrum
like a square root, it shows a discontinuity when Coulomb
interactions are involved. Discontinuous behavior of the
density can be found in other physical systems, for exam-
ple electrons in a perfect crystal, though this system is
quite di↵erent from the pendulum. Additionally we are
surprised to find that the density of the purely gravita-
tional system follows the Marchenko-Pastur distribution
even though there is no randomness.
Let us consider the continuum limit when ✓k becomes

a function ✓(s) of a real variable with 0  s  L where
L specifies the total length of the pendulum. *** What
to include about the result of the continuum limit? ***
For small frequencies one notices that the density of the
theoretical prediction for the continuum limit agrees well
with our former simulation with large N . For large !

the continuum limit can’t predict the behavior we have
found in the simulation. This is not astonishing since this
happens typically when the wavelength is comparable to
the size of the Brillouin cell *** correct? ***
Finally we want to discuss briefly the disordered model

when lengths lk, masses mk and charges qk become ran-
dom. The dotted lines in Fig. 1 represent the analo-
gous curves for the randomized model where we have
used probability distributions which have mean values
corresponding to the constant model. When ! ! 0, the
curves from the disordered model shows the same be-
havior as the constant model, while they start to de-
viate as the frequency grows. *** large wavelengths
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FIG. 1: Histogram envelope curve showing the density of
states (times N

2) for the multi-segmented pendulum as a
function of !2

/N
2. Solid lines show the case when all lengths,

masses and charges are equal, that’s to say lk = mk = 1/N
and Qk = Q0/(N

p
logN) with N = 16384, and Q0 = 1, g = 1

(red), Q0 = 0, g = 1 (yellow), Q0 = 1, g = 0 (blue). The
dotted lines in purple, green and cyan show the analogous
curves respectively when lengths, masses and charges become
random using a certain probability distribution with mean
values corresponding to the constant cases, and N = 1024?
averaged over 25000? samples. The dashed black line overly-
ing the yellow line shows the Marchenko-Pastur distribution.
The inset here (and in all figures below) shows a magnifica-
tion of the edge behavior for the same data. ***remove last
sentence below*** bandwidth ⇠ N2;

N(N � 1)

2
pair interactions
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N=16384, pure gravity, 1977th vector
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N=16384, pure gravity, assortment of vectors



N=16384, pure Coulomb, assortment of vectors



N=16384, gravity & Coulomb, assortment of vectors
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Continuum limit:  clean, uniform, chargeless case 

mk = m ⇠ 1

N
, lk = l =

L

N
, µ =

m

l
= finite

s = lk; 0  s  L;L = Nl ✓k(t) ! ✓(s, t)

a continuous massive string suspended in the gravitational field

the string is unstretchable, having fixed length L

�@2
t ✓(s, t) + g@2

s ((L� s)✓(s, t)) = 0

✓(s, t) = ei!t !(s)

EOM:

look for stationary solutions:

(L� s) 
00
(s)� 2 0(s) +

!2

g
 (s) = 0

drops outµ



(L� s) 
00
(s)� 2 0(s) +

!2

g
 (s) = 0

the regular solution at 

 !(s) =
J1

⇣
2!

q
L�s
g

⌘

p
L� s

0  s  L

s = L

Dirichlet b.c. at 

the regular solution at 

(the string follows the vertical line at the hanging point)s = 0

 !(0) ⇠ J1

✓
2
!

!0

◆
= 0; !0 =

r
g

L

determines the eigenfrequencies

in a sense - a classical realization of a Stark Ladder?
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Example: the case of indefinite metric
B = diag(1, 1, . . . , 1,�1,�1, . . .� 1)

k N � k

This means that on average, there are always real eigenvalues along with complex ones. 

We consider values of     which are a finite fraction      k � =
k

N
, 0  �  1

Nof
the holomorphic and non-holomorphic solutions co-exist. For 0 < � < 1

The complex eigenvalues occupy two compact blobs, which are symmetric with respect 
to the real axis. 

The average density of eigenvalues in these blobs is uniform, and drops sharply to zero 
at the boundary. 

This density      is independent of ⇢ �

(J. Feinberg & R. Riser - to appear)

(To relate the following eigenvalue scatter plots to those of the group generators on slide 10 rotate by 90 degrees) 



Numerical Results

Fraction of real eigenvalues as function of �
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scatter plots for      � = 0.5

N=128, k=64,                   200 samples       � = 0.5
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histograms of real eigenvalues for N=128
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semicircle (GUE)


